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Abstract
We study a family of Bowen–Series-like maps associated to any finitely generated Fuchsian
group of the first kindwith at least one cusp. Thesemaps act on the boundary of the hyperbolic
plane in a piecewise manner by generators of the group. We show that the two-dimensional
natural extension (reduction map) of the boundary map has a domain of bijectivity and global
attractor with a finite rectangular structure, confirming a conjecture of Don Zagier. Our work
is based on the construction of a special fundamental polygon, related to the free product
structure of the group, whose marking is preserved by “Teichmüller deformation.”

Keywords Fuchsian groups · Boundary maps · Global attractor · Free product structure

Mathematics Subject Classification 37D40 · 37E10

1 Introduction

Let � be a finitely generated Fuchsian group of the first kind (finite covolume) acting on
the hyperbolic plane properly discontinuously by orientation-preserving isometries. In the
upper half-plane model H, � < PSL(2,R), and in the unit disk model D, � < PSU(1, 1).
In this paper, we mostly use the disk model D, leaving the upper half-planeH only for some
classical examples.

We denote the Euclidean boundary for either model by S: for the upper half-plane S =
∂H = RP1, and for the unit disk S = ∂D = S1 is the circle at infinity. Recall that � is of the
first kind if its limit set is all of S. If � is a finitely generated Fuchsian group of the first kind,
it has finite covolume [21, Theorems 4.6.1 and 4.5.1], r conjugacy classes of maximal elliptic
cyclic subgroups of orders m1,m2, ...,mr (all mi ≥ 2, listed in non-decreasing order) and
t conjugacy classes of maximal parabolic subgroups. The quotient space �\D is a Riemann
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surface of genus g ≥ 0with r ramification points (with ramification numbersm1,m2, ...,mr )
and t cusps (to which it is convenient to assign ramification numbers∞). Such�\D are called
Riemann surfaces of finite type or Riemann orbifolds. The list

(g;m1,m2, ...,mr ,∞, ...,∞
︸ ︷︷ ︸

t

) = (g;m1,m2, ...,mr ; t) (1)

is called the signature of �. The only restriction on the signature is that

2g − 2 +
r

∑

i=1

(

1 − 1

mi

)

+ t > 0, (2)

corresponding to positivity of the hyperbolic area of�\D [21, Theorem 4.3.1], which we will
always assume. On the other hand, by Poincaré’s Polygon Theorem, for any signature (1)
there exists a finitely generated Fuchsian group of the first kind with this signature.

Throughout the paper, when we refer to a Fuchsian group with a given signature, we
always mean a finitely generated Fuchsian group of the first kind.

For such Fuchsian group �, Bowen and Series [7] constructed a map—which we refer to
as a boundary map—acting on S in a piecewise manner by generators of � which is orbit-
equivalent to � and Markov with respect to a finite (if � has no cusps) or countable (if �

has cusps) partition of S. They established some important ergodic properties, which were
later used by C. Series [38] to construct a symbolic representation of the geodesic flow on
the Riemann surface �\D.

Adler and Flatto investigated thoroughly boundary maps in the case of the modular group
[2] and surface groups [3], i.e., co-compact groupswith no elliptic elements, using an (8g−4)-
sided fundamental polygon instead of the 4g-gon from [7]. In 2014, Ahmadi and Sanaz [9]
generalized Adler and Flatto’s work on surface groups to co-compact Fuchsian groups with
elliptic elements.

In 2005, Don Zagier experimentally observed that for the modular group PSL(2,Z) the
two-dimensional map on geodesics (which is the natural extension of the boundary map) has
a global attractor with finite rectangular structure. The finite rectangular structure property
along with other properties (conjecturally equivalent to it) form, in Zagier’s terminology, a
“reduction theory” for the group. The original motivation of Don Zagier was the inversion
problem for modular forms on finitely generated Fuchsian groups with at least one cusp
(reconstruction of modular forms from its period cocycles) [42], where the finite rectangular
structure of the attractor is essential. He also conjectured that the rectangular structure persists
when the partition points used in defining the boundary map are perturbed in a continuous
manner.

In this paper, we prove Zagier’s conjecture for all finitely generated Fuchsian groups of
the first kind with at least one cusp.1

The main result of this paper is the following theorem.

Main Theorem. Given a Fuchsian group with signature (g;m1,m2, ...,mr ; t ≥ 1), there
exists a marked fundamental polygon, a finite partition of S = ∂D, and a boundary map
acting piecewisely by generators of the group with the following properties:

(i) the boundary map has a finite Markov partition,
(ii) its natural extension has a global attractor with finite rectangular structure,
(iii) almost every point enters the attractor in finite time.

1 This class, in particular, contains all congruence subgroups.
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Fig. 1 Example of polygon, partition, and attractor (genus 1 with 3 elliptic points and 2 cusps)

If, in addition, the group has at least one elliptic element of order greater than 2, there exists
a continuous family of partitions and associated boundary maps with properties (ii) and (iii).

Figure 1 shows an example of a fundamental polygon, partition of the boundary, and the
attractor of the natural extension of the associated boundary map.

Fuchsian groups with at least one cusp, i.e., with signature (g,m1, ...,mr ; t ≥ 1), are
free products of cyclic groups [28], and the generators of these cyclic groups are called inde-
pendent generators. We consider fundamental polygons related to the free product structure
of the group whose side-pairing transformations are independent generators of the group.
Such fundamental polygons have many vertices that are ideal (i.e., on the boundary S), and
because of that we call these polygons “quasi-ideal” (Definition 3.7).

We prove the main theorem in two steps:

(1) For a given signature, we construct a “canonical” polygon (Definition 2.2), a canonical
Fuchsian group with this signature, and associated boundary maps and their natural
extensions. We prove our results for this special situation using its additional features
(see Theorems 5.2 and 5.3).

(2) The result for a given Fuchsian group is obtained using the Fenchel–Nielsen map, which
conjugates the data for the canonical Fuchsian group (of the same signature) with the
data for the given group. See Section 3 for precise definitions.

Any Fuchsian group with at least one cusp has a quasi-ideal fundamental polygon obtained
by “Teichmüller deformation” of the canonical polygon for the same signature (Theorem 3.6)
which preserves the combinatorial structure and the marking of the polygon. This allows us
to go from step (1) to step (2) and also gives an alternative definition of Techmüller space
as the space of quasi-ideal polygons, up to orientation-preserving isometries of D (Theorem
3.9). The only other case of “Teichmüller friendly” polygon construction we are aware of
is the (8g − 4)-sided fundamental polygon for surface groups of genus g in [3, 24].2 Our
construction is notably distinct in that it uses the ideal vertices of fundamental polygons.

2 For other constructions of Teichmüller space for surface groups via fundamental polygons, see [37, 43].
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The paper is organized as follows. In Section 2 we review classical results about fun-
damental domains and free products, introduce a notion of a canonical polygon, and prove
(Theorem 2.4) that for any signature and any marked canonical polygon, the group gener-
ated by its side-pairing transformation is a Fuchsian group with this signature. In Section 3
we recall the definition of Teichmüller space, describe the Teichmüller deformation of the
canonical polygon, and prove (Theorem 3.6) that any finitely generated Fuchsian group of
the first kind has a fundamental polygon obtained by this method.We conclude the section by
describing the Teichmüller space of a Riemann orbifold as the space of quasi-ideal polygons
(Theorem 3.9). In Section 4 we define boundary maps and their natural extensions related to
quasi-ideal fundamental polygons and prove the finite orbit/cycle property for the boundary
maps. In Section 5 we prove that in the canonical case the two-dimensional natural extension
of the boundary map has a domain of bijectivity and a global attractor with finite rectangular
structure (Theorem 5.2 and Theorem 5.3). In Section 6 we complete the proof of the main
theorem for any Fuchsian group with at least one cusp, using the Teichmüller deformation.
The explicit construction of the canonical polygon is contained in Appendix A.

2 Fuchsian groups and fundamental domains

2.1 Classical fundamental domains

Themost common classical fundamental domains for Fuchsian groups areDirichlet polygons
(centered at a point not fixed by any element of the group), which go back to Fricke–Klein, and
Ford fundamental polygons [13] obtained using isometric circles of elements in the group.
The group with a given signature in Poincaré’s Polygon Theorem is generated by Möbius
transformations pairing the sides of a fundamental polygon (see [19] or [21, Theorem 4.3.2]
for the construction and [33] for the proof), which has the following features:

• the number of sides for a group with signature (g;m1,m2, ...,mr ; t) is 4g + 2r + 2t ,
• each elliptic and parabolic cycle consists of a single vertex,
• there is one accidental cycle which represents an ordinary point.

Such a fundamental polygon is called a canonical Poincaré polygon or a Fricke polygon, and
the obtained Fuchsian group has the canonical presentation

� =
〈

a1, b1, ... , ag, bg, x1, ..., xr , p1, ... , pt :

xm1
1 = · · · = xmr

r = 1,
t

∏

j=1

p j

r
∏

i=1

xi

g
∏

k=1

b−1
k a−1

k bkak = 1

〉

,

(3)

where ak and bk are hyperbolic elements (note b−1
k a−1

k bkak = [ak, bk] is the commutator
right-to-left, consistentwith composing transformations), xk are elliptic, and pk are parabolic.
Conversely, any finitely generated Fuchsian group of the first kind possesses a Fricke polygon
(obtained by allowable modifications of a Dirichlet polygon). This result goes back to Klein
[26], see also Lehner [29] and Keen [25].
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−1 0 1 2 −1 0 1 2

Fig. 2 Dirichlet (left) and quasi-ideal (right) fundamental polygons for the modular group in the half-plane
model

2.2 Free product of cyclic groups

If the group has at least one parabolic element, say, p1, then it can be eliminated from the
presentation (3) and we obtain a group isomorphic to � whose generators are those of �

with p1 deleted, and whose only relations are elliptic. In other words, such a group is a free
product of r cyclic subgroups of finite order and 2g+ t −1 cyclic subgroups of infinite order,
of which 2g generators are hyperbolic and are related to the genus, and t − 1 generators are
parabolic fixing non-congruent cusps. The set of generators of these cyclic groups is called
an independent set of generators for �. More precisely, the following theorem holds:

Theorem (Lehner [28]) Let � be a Fuchsian group with signature (g;m1, ...,mr ; t) with
t ≥ 1. Then

� ∼= Zm1 ∗ Zm2 ∗ · · · ∗ Zmr ∗ Z ∗ · · · ∗ Z
︸ ︷︷ ︸

2g+t−1

. (4)

The idea of using the free product of groups in order to provide examples for a great
variety of Fuchsian groups by the “method of free combination” goes back to Klein [16] and
consequently appears in the 1929 Ford book [14]. See also Lehner [28] and Tukia [40]. The
classical examples of this construction are Schottky groups. Using this technique, Lehner
[28] constructed subgroups of the modular group with arbitrary signature.

Remark 2.1 Notice that Dirichlet domains and Fricke’s polygons for congruence subgroups
are not, in general, related to independent sets of generators. For example, the classical
fundamental polygon for the modular group is not; an alternative fundamental polygon using
PSL(2,Z) ∼= Z2 ∗ Z3 is shown on the right of Figure 2.

2.3 Canonical polygons

Rademacher [36] asked for a construction of a set of independent generators for congruence
subgroups �0(N ). This was answered in [8, 15, 36], but those constructions were not related
to fundamental polygons. Kulkarni [27] answered this question for all finite index subgroups
in the modular group by construction of a special fundamental polygon whose side-pairing
transformations form the set of independent generators.

Kulkarni’s construction of special polygons for subgroups of themodular groupmentioned
above [27] is based on Farey symbols and is different from ours. In particular, if the number
of cusps is greater than 1, the translation in the half-plane is included as one of the parabolic
generators while we specifically exclude it, see [27, Figure 2.6], and the sides identified by
hyperbolic generators are not necessarily consequent. Kulkarni’s polygons were later used
by Huang [17, 18], in the context of the realizability of subgroups of prescribed signature,
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Fig. 3 Canonical polygon for
signature (1; 2, 3, 7; 2)

V5

V7

V9

V0

V1

V2

V3

V4

V6

V8

V10

V11

and other authors. Kulkarni’s special polygons are compiled from triangles in the Dedekind
tessellation by fundamental domains for the action of the extended modular group generated
by the modular group and the transformation z �→ z, while our construction does not have
this restriction.

Definition 2.2 Given a signature (g;m1,m2, ...,mr ; t ≥ 1), we call a convex polygon F
canonical if the following properties hold:

(1) The number of sides of the polygon is N := 4g + 2r + 2(t − 1), all of infinite length.
We choose the order of the sides in the counter-clockwise direction to correspond to the
signature, starting from the vertex denoted by V0 = 1, corresponding to one cusp which
is always present. Vertices are labeled counter-clockwise, V0, V1, ..., VN = V0.

(2) 4g sides come in g quadruples of complete adjacent geodesics. In each quadruple k
(1 ≤ k ≤ g), they are glued in the commutator manner b−1

k a−1
k bkak by hyperbolic

transformations from PSU(1, 1). More precisely, the first side is glued to the third side
by ak , and the fourth side is glued to the second side by bk .

(3) 2r sides are geodesic rays and come in r pairs. In pair i (1 ≤ i ≤ r ) the rays meet with
angle 2π

mi
at a vertex and are glued by elliptic transformations. Each elliptic cycle consists

of a single vertex.
(4) 2(t −1) sides come in t −1 pairs of complete adjacent geodesics; they are glued together

by parabolic transformations; each parabolic cycle consists of a single vertex (cusp).
(5) Each glued side is (an arc of) an isometric circle for its side-pairing transformation.
(6) The following ideal vertices are equally distributed on S:

arg(V4k) = 2π
�
k for 0 ≤ k ≤ g, arg(V4g+2 j ) = 2π

�
(g + j) for 1 ≤ j ≤ r + t − 1,

where � := g + r + t − 1. (Figure 3 has � = 5, which is the number of sectors.)

Remark 2.3 Property (5) of the above definition implies that the glued sides are arcs of
Euclidean circles of the same radius and the point closest to 0 ∈ D in one circle is
mapped to the point closest to 0 in another [21, Theorem 3.3.4], hence the side-pairing
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>

<

2π
m

order m (elliptic)

>

<

infinite order (hyperbolic)

>

<

infinite order (parabolic)

Fig. 4 Examples of fundamental polygons used in free combinations

transformations are unique and thus the polygon is marked. Therefore, for given signature
(g;m1,m2, ...,mr ; t ≥ 1),

• the canonical polygon F exists by a geometric construction (exact formulas for the
side-pairing transformations are in Appendix A),

• the canonical polygon F is unique, and
• the group � generated by side-pairing transformations of F is unique.

We prove that � is a Fuchsian group of the first kind with the given signature.

Theorem 2.4 Given a signature (g;m1,m2, ...,mr ; t ≥ 1) and the marked canonical poly-
gon F of Definition 2.2, the group � generated by the side-pairing transformations of F
is a Fuchsian group with this signature and fundamental polygon F . The group � is a free
product of cyclic groups generated by the independent generators.

The proof is based on free combinations of cyclic subgroups and a result of Tukia, which we
review before starting the proof.

The canonical polygon F is related to the free product (4) and is obtained by combining
Ford fundamental domains (sets outside of isometric circles) for cyclic subgroups, shown in
Figure 4 and described here:

• A set outside of two geodesic rays meeting at a point inDwith angle 2π
m is a fundamental

domain for a finite cyclic group of orderm generated by an ellipticMöbius transformation
mapping one geodesic ray to another.

• A set outside of two complete geodesics meeting at point in S = ∂D is a fundamental
domain for an infinite cyclic group generated by a parabolic Möbius transformation
mapping one geodesic to another.

• A set outside of two non-intersecting complete geodesics is a fundamental domain for
an infinite cyclic group generated by a hyperbolic Möbius transformation mapping one
geodesic to another.

Definition 2.5 (Free combination) Let � j , j ∈ J , be a collection of cyclic Fuchsian groups,
with fundamental polygons F j . In each case the sides of F j are identified by generator of
� j denoted Tj . If

ClD(D \ Fi ) ⊂ IntD(Fk) for i �= k, (5)

we say that the quadruple (� j ,F j , Tj , J ) forms a free combination of cyclic groups.
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Theorem (Tukia [40, Theorem 2.6]) Let (� j ,F j , Tj , J ) form a free combination, and � be
the group generated by {� j : j ∈ J }. Then the group � is a free product of groups � j .
Moreover, if either

(1) the set of fixed points of all T ∈ � of infinite order is dense in S, or
(2) the sides of F j are arcs of isometric circles of Tj and T−1

j ,

then � is a discrete subgroup of PSU(1, 1) with fundamental domain F = ⋂

j∈J F j .

Proof of Theorem 2.4 The sides of the canonical polygon F can be identified as the sides of
fundamental domains of cyclic subgroups of � as follows:

• g quadruples of adjacent complete geodesics define fundamental domainsFk (1 ≤ k ≤ g)
for a free group generated by hyperbolic transformations ak and bk related to the genus.
See also the top right of Figure 14 in the appendix.

• r pairs of intersecting geodesic rays define fundamental domains for finite cyclic
subgroups each generated by an elliptic transformation γ j (4g + 1 ≤ j ≤ 4g + r );

• t − 1 pairs of complete geodesics meeting at a point of S define fundamental domains
for infinite cyclic parabolic subgroups generated by parabolic transformations γ j (4g +
r + 1 ≤ j ≤ 4g + r + t − 1 = �) each fixing a non-congruent cusp different from V0.

The total number of ideal vertices congruent to V0 is 4g+r+t−1, ordered counter-clockwise,

V0, V1, ..., V4g, V4g+2, ..., V4g+2r , V4g+2r+2, ..., V4g+2r+2(t−1) = V0, (6)

and the product
�

∏

j=4g+1

γ j

g
∏

k=1

b−1
k a−1

k bkak (7)

fixes V0.
Relation (5) for the cyclic subgroups 〈ak〉 , 〈bk〉 ,

〈

γ j
〉

defined above follows from our
construction. Therefore, we have a free combination

(� j ,F j , Tj , J ), (8)

where J = {1, 2, ..., 2g + � + t − 1} and each � j is either
〈

a j
〉

or
〈

b j
〉

or
〈

γ j
〉

. According to
Tukia’s Theorem, the group � is a free product of cyclic subgroups (4). Since the sides of the
polygon F are isometric circles of the independent generators

〈

a j
〉

,
〈

b j
〉

,
〈

γ j
〉

, by condition
(2) of Tukia’s Theorem, � is a discrete subgroup of PSU(1, 1), and,

F =
�

⋂

k=1

Fk,

where Fk for 1 ≤ k ≤ g are intersections of the fundamental polygons for 〈ak〉 and 〈bk〉 (see
also Figure 14 in the appendix for our Fk). Equivalently, F can be represented as union of
“building blocks,”

F =
�

⋃

k=1

B(k),

where

B(k) = {z ∈ Fk : arg(V4(k−1)) ≤ arg(z) ≤ arg(V4k) for 1 ≤ k ≤ g, and

arg(V4g+2( j−1)) ≤ arg(z) ≤ arg(V4g+2 j ) for 1 ≤ j ≤ r + t − 1}
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are determined using ideal vertices of (6).3

The hyperbolic area of F is finite and is equal to

2π

(

2g − 2 + t +
r

∑

i=1

(

1 − 1
mi

)

)

> 0

by (2). Therefore, � is a finitely generated Fuchsian group of the first kind by [21, Theorem
4.5.2]. The polygon F has r elliptic cycles consisting of a single elliptic vertex with corre-
sponding angles 2π

mi
, 1 ≤ i ≤ r , and t−1 parabolic cycles consisting of a single cusp different

from V0, and one parabolic cycle of 4g+ r + t −1 ideal vertices congruent to V0. Each cusp,
including V0, is fixed by a parabolic element of � [21, Theorem 4.2.5]. By discreteness of
�, hyperbolic and parabolic elements in � cannot have a common fixed point [21, proof of
Theorem 2.4.3], hence the product (7), which fixes V0, is parabolic.

The quotient space �\D is decomposed into r + t vertices, r + 2g + (t − 1) edges, and 1
simply connected face. By Euler’s formula, its genus satisfies

2 − 2g = (r + t) − (r + 2g + (t − 1)) + 1

as required. By Poincaré’s Polygon Theorem, � is a Fuchsian group of the first kind with the
given signature. ��

The explicit construction of the canonical polygon F for a signature is contained
in Appendix A. Although exact formulae were not used in the proofs of Theorems 5.2
and 5.3, they were used in computer simulations, and we include them in case they will be
useful to others.

3 Teichmüller space

3.1 Fenchel–Nielsenmaps

There are many equivalent definitions of the Teichmüller space of a Riemann orbifold. The
following interpretation as a representation space of a Fuchsian group is the most appropriate
for our purposes:

Definition 3.1 ( [20, Section 5.4]) Let � be a finitely generated Fuchsian group of the first
kind. The Teichmüller space T (�) is the space of injective type-preserving representations
� → PSU(1, 1) with discrete image up to conjugation by an element of PSU(1, 1).

If two groups �1, �2 have the same signature, there is a type-preserving group isomor-
phism ϕ : �1 → �2 and an orientation-preserving homeomorphism h : �1\D → �2\D that
carries bijectively cusps of�1\D to cusps of�2\Dfixed by corresponding parabolic elements.
It follows from the theory of branched covering spaces that h can be lifted to an orientation-
preserving homeomorphism h : D → D such that �2 = h ◦ �1 ◦ h−1. This is equivalent to
the fact that the isomorphism ϕ is geometric, i.e., is induced by a homeomorphism h,

h(T (z)) = ϕ(T )(h(z)) for any z ∈ D and T ∈ �1. (9)

Fenchel and Nielsen proved that h can be extended to the boundary of D. The following
result is an extension of their theorem; we state it and remark on the historical development
afterwards.

3 Inequalities between arguments refer to counter-clockwise cyclic order on the circle throughout the paper.
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Theorem 3.2 (Fenchel–Nielsen) Let�1 ∈ T (�). Themap h can be extended to the boundary
S and chosen quasi-conformal and isotopic to the identity map. That is, there is a family of
maps ht : D → D, 0 ≤ t ≤ 1, with h0 = id, h1 = h and a family of Fuchsian groups �t

such that �t = ht ◦ � ◦ h−1
t ∈ T (�).

We call the map from Theorem 3.2 a Fenchel–Nielsen map.

Remark 3.3 (i) Fenchel–Nielsen’s Theorem for co-compact � (signature (g;−)) is con-
tained in their famous manuscript [12] which, although unpublished until 2003, has had
great influence on the theory of Fuchsian groups. Their approach to the theorem is through
their intersecting axes theorem.Macbeath [30] generalized it for co-compact�with ellip-
tic elements, and Bers [6] covered the case of arbitrary signature using quasi-conformal
maps. Tukia [40, Theorem 3.5 and Corollary 3.5.1] rediscovered the significance of the
intersecting axes property and gave a proof of this result in full generality. See also [32,
34, 35] and the bibliographies therein.

(ii) The Fenchel–Nielsen map h in Theorem 3.2 can be chosen quasi-conformal [6]. The
isotopy to identity is due to contractibility of T (�). A purely topological proof of this
theorem for orbifolds was given by Marden [31]. For proofs using analytic methods in
which isotopy is constructed by continuously varying complex dilatation of h, see [4, 10,
11, 41]).

(iii) The map h|S is an orientation-preserving homeomorphism of S and therefore preserves
the order of the points in the circle.

(iv) h|S is always α-Hölder; and α = 1 if and only if h|S is a Möbius transformation. If h|S
is Lipschitz then it is absolutely continuous. See [7, 39].

An alternative definition of the Teichmüller space T (�) [6, 11] is shown below; it will be
useful at the end of this section.

Definition 3.4 T (�) is the space of pairs (�′, h) where h : D → D is a quasi-conformal
Fenchel–Nielsen map such that �′ = h ◦� ◦h−1 modulo the equivalence relation (�′

1, h1) ∼
(�′

2, h2) if there is a conformal map μ : D → D such that h−1
2 ◦ μ ◦ h1 is the identity on S.

3.2 Teichmüller deformation of the canonical polygon

In this section and Section 6 we use F∗ and �∗ for the canonical case and use non-starred
versions for non-canonical.

Definition 3.5 Given a canonical fundamental polygon F∗ and a Fenchel–Nielsen map h :
D → D, we call the Teichmüller deformation ofF∗ the new polygonF formed by connecting
the images of the vertices of F∗ under h with geodesic arcs.

The following theorem shows that this construction is possible. Note that F is not the image
of F∗ under h.

Theorem 3.6 Any Fuchsian group of the first kind with at least one cusp has a fundamental
polygon, obtained by Teichmüller deformation of the canonical polygon, such that the side-
pairing transformations of the polygon generate the group.

Proof Let � be a Fuchsian group of the first kind with signature (g;m1, ...,mr ; t ≥ 1). As
before, let F∗ be the canonical polygon with this signature, �∗ the canonical Fuchsian group
generated by side-pairing transformations ofF∗, and h : D → D such that � = h ◦�∗ ◦h−1.
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Fig. 5 Argument by contradiction for order of vertices

Let V∗ := {V ∗
1 , V ∗

2 , ..., V ∗
N } be the set of all vertices of F∗ ordered by argument mod 2π .

Denoting Vk := h(V ∗
k ) and V := {V1, V2, ..., VN }, we will show that the points in V are also

ordered by argument.
If V ∗

k and V ∗
k+1 are two consecutive ideal vertices of F∗, then arg V ∗

k < arg V ∗
k+1, and

since h|S : S → S is an orientation-preserving homeomorphism, arg Vk < arg Vk+1. Now
let V ∗

k be an elliptic vertex of order m such that arg V ∗
k−1 < arg V ∗

k < arg V ∗
k+1 (notice that

V ∗
k−1 and V

∗
k+1 are ideal vertices). Connect Vk−1 with Vk and Vk with Vk+1 by geodesic rays.

By the previous argument, arg Vk−1 < arg Vk+1. We now show that arg(Vk−1) < arg(Vk) <

arg(Vk+1).
Let γ ∗ ∈ �∗ be the elliptic element of order m that fixes V ∗

k and maps geodesic ray
(V ∗

k−1, V
∗
k ) to geodesic ray (V ∗

k+1, V
∗
k ). The angle between these geodesic rays in the clock-

wise direction is equal to 2π
m . By (9), γ := h ◦ γ ∗ ◦ h−1 ∈ � is also an elliptic element of

order m, and γ (Vk−1) = Vk+1, γ (Vk) = Vk . Thus, γ maps the geodesic ray (Vk−1, Vk) to
the geodesic ray (Vk+1, Vk). Since h is an orientation-preserving homeomorphism of D iso-
topic to identity (Theorem 3.2), the angle between these geodesics in the clockwise direction
cannot jump to a multiple of 2π

m and must be also 2π
m .

Assume, by contradiction, that arg(Vk) ≥ arg(Vk+1), as shown in Figure 5. Connect
Vk−1 with Vk and Vk with Vk+1 with geodesics. Since arg(Vk+1) > arg(Vk−1) and since the
geodesic through Vk+1 and Vk (which is an Euclidean circle orthogonal to S) intersects the
geodesic through Vk−1 and Vk (which is also an Euclidean circle orthogonal to S) in Vk , the
angle at Vk between geodesic rays Vk−1Vk and Vk+1Vk in clockwise direction is greater than
π , as shown in the right of Figure 5, a contradiction. This proves arg(Vk) < arg(Vk+1). By
similar reasoning, arg(Vk−1) < arg(Vk) as well. Therefore the vertices V1, V2, ..., VN are
also ordered by argument. Connecting them in order by geodesics, we obtain a polygon F
with the same combinatorial structure as F∗ whose side-pairing transformations generate �

by (9). ��

Definition 3.7 The marked fundamental polygon constructed by Teichmüller deformation
(Theorem 3.6) is called quasi-ideal. The marking is given by the system of generators. It is
characterized by the following properties:

1. the number of sides of the polygon is N := 4g + 2r + 2(t − 1), all of infinite length;
2. 4g sides come in g quadruples of complete adjacent geodesics glued in the commutator

manner by hyperbolic transformations from PSU(1, 1);
3. 2r sides come in r pairs of geodesic rays glued by elliptic transformations (for 1 ≤ i ≤ r ,

the pair of rays meet with angle 2π
mi

at a vertex);
4. 2(t − 1) sides come in t − 1 pairs of complete adjacent geodesics glued by parabolic

transformations;
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(5*) the product of commutators of hyperbolic transformations and elliptic and parabolic
transformations fixing V0 is parabolic.

Properties (1)–(4) hold by construction, and property (5*) holds since h is a type-preserving
homeomorphism.

The following theorem may be considered a converse to Theorem 3.6:

Theorem 3.8 Given a signature (g;m1,m2, ...,mr ; t ≥ 1) and a marked quasi-ideal poly-
gon F , the group � generated by the side-pairing transformations of F is a Fuchsian group
of the first kind with this signature, and � is a free product of cyclic groups generated by the
independent generators.

Proof The quasi-ideal polygon F is a Teichmüller deformation of a canonical quasi-ideal
polygonF∗. We now denote the quadruple (8) for the canonical polygon by (�∗

j ,F
∗
j , T

∗
j , J ).

By construction, � j = h ◦ �∗
j ◦ h−1 are cyclic groups obtained from independent generators

Tj = h ◦ T ∗
j ◦ h−1, with fundamental domains F j that are Teichmüller deformation of F∗

j .
Therefore, the quadruple (� j ,F j , Tj , J ) forms a free combination of cyclic groups.

The cycle relations, including the classical parabolic cusp condition (5*), are satisfied, so
by Poincaré’s Polygon Theorem � is a Fuchsian group. The finiteness of the hyperbolic area
of F implies that it is of the first kind [21, Theorem 4.5.2], in which case the limit set of � is
the entire S. Since the limit set of � is the closure of fixed points of the hyperbolic elements
of � [21, Theorem 3.4.4], the closure of fixed points of the hyperbolic elements is already
dense in S, hence condition (1) of Tukia’s Theorem is satisfied and the result follows. ��

The following theorem is not used for the proof of themain theorem, but it is of independent
interest.

Theorem 3.9 Given a signature (g;m1, ...,mr ; t ≥ 1), the space of marked quasi-ideal
polygons for that signature (up to orientation-preserving isometries of D) is homeomorphic
to the Teichmüller space T (�) of Fuchsian groups � with this signature, and therefore to
R
6g−6+2(r+t).

Proof The space of all marked quasi-ideal polygons with a given signature is endowed with
the following topology: for quasi-ideal polygons {Pn} and P , Pn → P if all vertices and
side-pairing transformations of Pn converge to the vertices and side-pairing transformations
of P . We denote this space modulo PSU(1, 1) by P(�). The space T (�) is endowed with
topology coming from the injective representation � → PSU(1, 1). We will now show that
the maps of Theorems 3.6 and 3.8 are bijective.

Consider the map T (�) → P(�) of Theorem 3.6. Suppose Teichmüller deformations of
two Fuchsian groups �1 and �2 produce two polygons F1 and F2 which represent the same
point inP(�), that is, there is aMöbius transformationμ ∈ PSU(1, 1) such thatμ◦h1 and h2
agree on all vertices of the canonical quasi-ideal polygonF∗. Thismeans that h = h−1

2 ◦μ◦h1
fixes all the vertices of F∗ that include all its cusps, and h ◦ Ti ◦ h−1 = Ti for all side-pairing
transformations of �∗. Therefore, h ◦ T ◦ h−1 = T for all T ∈ �∗, that is, h commutes with
all elements of �∗. Each parabolic fixed point of �∗ is T (V ) for some T ∈ �∗ and a cusp V
of F∗, and we conclude that h(T (V )) = T (h(V )) = T (V ), i.e., h = h−1

2 ◦ μ ◦ h1 fixes all
parabolic fixed points of �∗. Since parabolic fixed points are dense in S [5, Theorem 5.3.9]
and by the continuity of the Fenchel–Nielsen maps, h−1

2 ◦ μ ◦ h1 is the identity on S. By
Definition 3.4, this implies that �1 and �2 represent the same point in T (�), which shows
injectivity. Surjectivity follows from Definition 3.7.
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Since each quasi-ideal polygon (Definition 3.7) satisfies properties (1)–(4) and (5*), the
map of Theorem 3.8 may be considered as the map P(�) → T (�). Suppose two quasi-ideal
polygons F1 and F2 are obtained by Teichmüller deformation of F∗. Then the groups of
side-pairing transformations of F1 and F2 are �1 = h1 ◦ �∗ ◦ h−1

1 and �2 = h2 ◦ �∗ ◦ h−1
2 ,

respectively. If they represent the same point in T (�), by Definition 3.1, there exists aMöbius
transformation μ which conjugates them, i.e., μ ◦ �1 ◦ μ−1 = �2, and therefore

(h−1
2 ◦ μ ◦ h1) ◦ �∗ ◦ (h−1

2 ◦ μ ◦ h1)
−1 = �∗.

By Theorem 3.6 if V is the vertex of F∗, then (h−1
2 ◦ μ ◦ h1)(V ) = ˜V is also a vertex of F∗,

and we have
μ ◦ h1(V ) = h2(˜V ),

that is, μ maps vertices of F1 to vertices of F2. This implies that F1 and F2 represent the
same point in P(�), which shows injectivity. Surjectivity follows from Theorem 3.6 and
Definition 3.7.

This bijection is clearly continuous. Hence, P(�) is homeomorphic to T (�) and we have
an alternative definition of the Teichmüller space as the space of marked quasi-ideal polygons
with a given signature modulo PSU(1, 1).

The dimension can be easily calculated using quasi-ideal polygons: 4g + r + t − 1 ideal
vertices congruent to V0 are given by 4g + r + t − 1 real parameters, hyperbolic generators
are given by 2g real parameters representing marking, elliptic vertices are given by r real
parameters, and additional cusps by t − 1 real parameters. Notice that elliptic and parabolic
generators are uniquely determined by the positions of their fixed points. Since the product
fixing V0 must be parabolic, we need to decrease the number of parameters by 1. Thus the
space of marked quasi-ideal polygons modulo orientation-preserving isometries ofD (which
is 3-dimensional) is given by

(4g + r + t − 1) + (2g) + r + (t − 1) − 1 − 3 = 6g − 6 + 2(r + t)

real parameters which depend continuously on the marked quasi-ideal polygon. This can be
used to see the homeomorphism P(�) ∼= R

6g−6+2(r+t) directly. ��

4 Boundarymaps and their natural extensions

Let � a Fuchsian group of signature (g;m1,m2, ...,mr ; t ≥ 1) and let F be its associated
quasi-ideal N -gon obtained by Teichmüller deformation of a canonical polygon (see Section
3.2), with N = 4g + 2r + 2(t − 1).

Let V := {V1, V2, ..., VN } be the set of all vertices of F ordered by argument mod 2π
(the indices are mod N , so VN = V0). The polygon F also has N sides, each connecting two
consecutive vertices: side k is Vk−1Vk .

We now describe a family of boundary maps associated with� andF . Let A1, ..., AN ∈ S

be points satisfying

Ak ∈ (Vk−1, Vk+1) if Vk is elliptic and Ak = Vk otherwise.

We call the former elliptic partition points and the latter ideal partition points.

For each partition A := {A1, ..., AN }, denoting A0 = AN as with the vertices, we define
the boundary map fA : S → S by

fA(x) = γk(x) for x ∈ [Ak−1, Ak) ⊂ S, (10)
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where γk : D → D is the transformation that maps side Vk−1Vk to its paired side (see
Definition 3.7 for the description of how sides are glued).

The natural extension of the boundary map fA : S → S is the map FA on the space
S × S \ 	 = {(u, w) ∈ S × S : u �= w} given by

FA(u, w) = (

γk(u), γk(w)
)

for w ∈ [Ak−1, Ak), (11)

using the same partition A as the boundary map, and the global attractor

∞
⋂

n=0

Fn
A(S × S \ 	)

is a bijectivity domain to which every point is mapped. Technically, the natural extension in
the classical sense is the restriction of FA to this set.

Remark 4.1 If one identifies a pair (u, w) ∈ S × S \ 	 with a geodesic in D from u to w,
then FA maps geodesics to geodesics. The attractor of FA corresponds to the set of reduced
geodesics, therefore FA is also called the reduction map. Notice that, since FA acts by
generators of �, all geodesics on D obtained by FA from a given one represent the same
geodesic on �\D. This approach has applications to symbolic coding of geodesics on �\D
(see also Section 7).

Cycle property

In the study of one-dimensional piecewise continuous maps, understanding the orbits of the
discontinuity points is often crucial. Although formula (10) defines fA(Ak) = γk+1(Ak),
one can consider two orbits of Ak , the “upper” orbit starting with γk+1(Ak), and the “lower”
orbit starting with γk(Ak). We first consider the “upper” and “lower” orbits of ideal partition
points.

Proposition 4.2 The upper- and lower-orbits of any ideal vertex/partition point ofF is finite.

Proof Ideal vertices are cusps ofF . By construction ofF , each parabolic cycle non-congruent
to V0 consists of a single cusp which is fixed by the corresponding parabolic element of �.
Therefore its orbit consists of a single point, i.e., is finite. The rest of the cusps are congruent
to V0, so it is sufficient to consider only V0 itself. The upper and lower orbits of V0 consist
of the N − r − (t − 1) = 4g + r + t − 1 cusps congruent to it. ��

The following patterns play an essential role in studying the boundary map fA (see [22,
24]).4

Definition 4.3 We say that Ak has the cycle property (also called “matching condition” in
some works) if there exist non-negative integers ik , jk such that

f ikA (γk+1Ak) = f jk
A (γk Ak). (12)

4 For a general piecewise continuousmap f , one can define functions f + and f − taking different conventions
for behavior at discontinuity points anywhere in the orbits. For our system it is impossible to hit another
discontinuity point before the end of the cycle, so such details are unnecessary.
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Let Vk be an elliptic vertex of order m. Then Vk−1 = Ak−1 and Vk+1 = Ak+1 are ideal
partition points and

fA(x) = γk(x) if x ∈ [Ak−1, Ak)

fA(x) = γk+1(x) if x ∈ [Ak, Ak+1),
(13)

where γk = cm is a clockwise hyperbolic rotation around the elliptic vertex Vk by the angle
2π
m for some m ≥ 2, and γk+1 = c−1

m .

Theorem 4.4 Let Vk be an elliptic vertex of order m. An elliptic partition point Ak ∈
(Vk−1, Vk+1) has the cycle property if c

j
m(Ak) �= Vk−1 for all integers j .

Proof Since cmm = id, the cm-orbit of each point in the closure of the unit disk D is finite, so
the orbit of Ak under cm is a finite set:

Ak, cm(Ak), ..., c
m−1
m (Ak).

The equation cmm (Ak) = Ak can be rewritten as

c jm(Ak) = (c−1
m )m− j (Ak) (14)

for any 0 ≤ j ≤ m. We will show that there is a unique way to decompose this equation
which is compatible with the definition of fA (13). Since the rotation is monotone, there
exists a non-negative integer jk such that

f jk
A (γk Ak) = c jkm (γk Ak) = c jk+1

m (Ak)

is not in the open interval (Vk−1, Vk+1), and since the angle between geodesics VkVk−1 and
VkVk+1 in the clockwise direction is equal to 2π

m , such jk is unique mod m. This means that

for all jk + 1 < j ≤ m, c jm(Ak) ∈ [Ak, Vk+1), where fA = c−1
m , and the equation (14)

with j = jk + 1 gives us exactly the equation (12) with jk = m − jk − 2. In this case
f jk
A (γk Ak) ∈ (Vk−1, Vk+1) (clockwise direction), and we have the cycle with the end of the

cycle c jk+1
m (Ak), which is in the complement to the open interval (Vk−1, Vk+1). ��

The situation when c jm(Ak) = Vk−1 can be also easily described. The cycle property does
not hold, but the orbits are still finite. This only occurs in two situations: when m is odd and
Ak = Mk , or m is even and Ak = Pk or Qk .

Proposition 4.5 If c jm(Ak) = Vk−1 for some j , then the upper- and lower-orbits of Ak under
fA are finite.

Proof We have

c j−1
m (γk Ak) = fA(γk Ak) = Vk−1 and c−i

m (γk+1Ak) = fA(γk+1Ak) = Vk+1

with i = m − j − 2. Since Vk−1 and Vk+1 are ideal vertices/partition points, their orbits
under fA are finite by Proposition 4.2, hence Ak has finite upper- and lower-orbits. ��

5 Proof of Main Theorem for canonical case

We will now build an explicit description of the attractor of the natural extension associated
to the canonical quasi-ideal polygon with notation A instead of A∗ in this section. Using
additional details in the appendix, we describe a set 
A (see (19)). We first show that FA is
bijective on this set and then show that it is the global attractor for FA : S×S\	 → S×S\	.
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Fig. 6 Labels of points on the
boundary

For any elliptic vertex Vk ∈ D, we additionally label points Pk, Qk ∈ S such that Vk is
the intersection of the geodesics Vk−1Qk and PkVk+1. See Figure 6 for examples of these
labels. For ideal Vk , we have Pk = Qk = Vk .

Recall that V0 = 1. We will make frequent use of the point

v := e(π/�)i . (15)

If V1 is parabolic, then v = V1. If V1 is hyperbolic, then v = V2 (see Figure 3). If V1 is
elliptic, then v is the projection V1|V1| and we also denote

p := P1 and q := Q1. (16)

Notice that v is the midpoint between p and q and v2 = V2 (see Figure 7).

5.1 Special Markov partitions

There are three partitions of particular importance:

• Left: each Ak = Pk .
• Right: each Ak = Qk .
• Midpoint: each Ak = Mk , the midpoint of the circular arc [Pk, Qk].

We denote these partitions as P , Q, and M, respectively. (Recall that if Vk is ideal then
Pk = Mk = Qk = Vk .)

c37v = 1

c27p

c27v

c7p

c7v
p

v
c−1
7 p = q

c−1
7 v

c−2
7 p

c−2
7 v

c−3
7 p

c−3
7 v = v2

Not pictured:

−v = c37p = c−4
7 p

c26p = 1

c26v

c6p

c6v

p
v

c−1
6 p = q

c−1
6 v

c−2
6 p

c−2
6 v

c−3
6 p = v2

Not pictured:

−v = c36v = c−3
6 v

Fig. 7 Orbit of v and p under cm for m = 6 (left), m = 7 (right)
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Proposition 5.1 The maps fP , fQ, and fM have finite Markov property.

Proof The finite Markov property on each of the three partitions P,Q,M (technically sofic,
with added images of the elliptic partition points) follows from the finiteness of upper- and
lower-orbits of the corresponding partition points (Proposition 4.5).

Note that Mk is the point in [Pk, Qk] such that ∠PkVkMk = ∠MkVkQk = π
m , that is,

where the angle bisector of PkVkQk meets the boundary S.
If Ak = Mk is an elliptic partition point in B(n), then the end of the cycle is the second

endpoint of the geodesic through Vk and Mk , which (since F is canonical) is −Mk .

• If � is even, −Mk is the middle point of B(n + �
2 ), which is either an elliptic partition

point in this building block or an ideal vertex. In the latter case, Proposition 4.2 applied
to −Mk implies that the upper- and lower-orbits of Mk are finite. In the former case, the
orbit of Mk is still finite because the union of all midpoints and ideal points is finite.

• If � is odd, −Mk = e2π i(��/2�+1)/� is an ideal vertex. Again, by Proposition 4.2 applied
to −Mk the upper- and lower-orbits of Mk are finite.

If Ak is either Pk or Qk , and m is even, then by Proposition 4.5 the upper and lower orbits
are finite. If m is odd, then the end of the cycle will be −Mk , and the orbits are finite by the
argument in the previous paragraph. ��

5.2 Domain of bijectivity

In this section we define a bijectivity domain 
A ⊂ S × S for the map FA from (11) using
some additional notation.

Given a signature (g;m1,m2, ...,mr ; t ≥ 1), we consider the string

s = [s1, s2, ..., s�] = {�, ...,�
︸ ︷︷ ︸

g

,m1, ...,mr ,∞, ...,∞
︸ ︷︷ ︸

t − 1

} (17)

in the alphabet {2, 3, 4, ...} ∪ {∞,�}, with mi ≤ mi+1, where � = g + r + t − 1. We also
denote the rotation R : D → D around the origin by

R(z) = e(2π/�)i z. (18)

Note that R × R is a diagonal translation in S × S.
The set


A :=
�

⋃

k=1

(Rk−1 × Rk−1)

(sk )
A (19)

is composed of several horizontal strips, where each strip 

(sk )
A ⊂ S×[1, e(2π/�)i ] is defined

below in (20) or (21). See Figure 8 for an example of 
A with the horizontal strips (Rk−1 ×
Rk−1)


(sk )
A in different colors on the left; their images on the right of Figure 8 are vertical

strips.
For sk ∈ {�, 2,∞}, the horizontal strip 


(sk )
A does not depend on the partition A and,

recalling v := e(π/�)i , is given by



(�)
A = ([v1/2, 1] × [1, v1/2]) ∪ ([v, v1/2] × [v1/2, v])

∪ ([v3/2, v] × [v, v3/2]) ∪ ([v2, v3/2] × [v3/2, v2])



(2)
A = [v2, 1] × [1, v2]



(∞)
A = ([v, 1] × [1, v]) ∪ ([v2, v] × [v, v2]),

(20)
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Fig. 8 Bijectivity domain (attractor) 
A for s = ��258∞, and its image

where the interval notations represent clockwise intervals in the circle S.
For sk = m ≥ 3, the strip 


(sk )
A is more difficult to describe because it does depend on

A, in particular, on the elliptic partition point in the building block B(k). It is sufficient to
describe this for k = 1. Let a := A1 ∈ (1, v2). From now on, we denote

I := i1 and J := j1

from Theorem 4.4 if a has the cycle property, or I = i − 1 and J = j in the special cases
addressed in Proposition 4.5. Note that

2π

�
> arg(a) > arg(cm(a)) > · · · > arg(cJm(a)) ≥ 0.

The strip 

(m)
A consists of several rectangles, as described here:

Um(i) = [v2, c−i+1
m (1)] × [c−i+1

m (a), c−i
m (a)], 1 ≤ i ≤ I

Um(I + 1) = [v2, c−I
m (1)] × [c−I

m (a), v2]
Lm( j) = [c j−1

m (v2), 1] × [c jm(a), c j−1
m (a)], 1 ≤ j ≤ J

Lm(J + 1) = [cJm(v2), 1] × [1, cJm(a)]



(m)
A =

I+1
⋃

i=1

Um(i) ∪
J+1
⋃

j=1

Lm( j).

(21)

Figure 9 shows 

(10)
A as a union of L10( j) and U10(i) rectangles, and Figure 10 shows the

same for m = 11.

Theorem 5.2 The map FA is bijective on the set 
A defined in (19).

Proof We claim that FA maps horizontal strips of 
A to vertical strips, that is,

FA
(


A ∩ (S × [e(k−1)(2π/�)i , ek(2π/�)i ])) = 
A ∩ ([e(k−1)(2π/�)i , ek(2π/�)i ] × S)
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Fig. 9 The horizontal strip 

(10)
A and its image under FA

Fig. 10 The horizontal strip 

(11)
A and its image under FA

for k = 1, ..., �. It is sufficient to prove the claim only for k = 1 by the following reasoning:
if γ is a side-pairing transformation that glues a side in the kth sector

{z ∈ D : 2π
�

(k − 1) ≤ arg(z) ≤ 2π
�
k},

then R−(k−1) ◦ γ ◦ Rk−1 is a map that acts in the first sector

{z ∈ D : 0 ≤ arg(z) ≤ 2π
�

},
that is, it glues sides of F1 or B(1) from page 8.

With k = 1, the claim is that

FA(

(m)
A ) = 
A ∩ ([1, v2] × S) for m ∈ {∞,�} ∪ {2, 3, 4, ...}.
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We start with a parabolic horizontal strip



(∞)
A = ([v, 1] × [1, v]) ∪ ([v2, v] × [v, v2]).

Since c∞(1) = v2, c∞(v) = v, c−1∞ (v2) = 1, c−1∞ (v) = v, we have

FA(

(∞)
A ) = ([v, v2] × [v2, v]) ∪ ([1, v] × [v, 1]),

which by inspection is exactly the expected vertical strip within 
A. That is, FA(

(∞)
A ) =


A ∩ ([1, v2] × S).
The hyperbolic case 


(�)
A is similar but consists of four rectangles instead of two.

Next we consider elliptic horizontal strips. When m = 2 the horizontal strip consists of
just one rectangle: 


(2)
A = [v2, 1] × [1, v2]. Since c2 = c−1

2 , c2(1) = v2, and c2(v2) = 1,
we have

FA(

(2)
A ) = [1, v2] × [v2, 1],

which is the expected vertical strip.
Now let m ≥ 3. Recall the definitions of Lm( j) and Um(i) from (21). We must calculate

the images of Lm( j) and Um(i), which depend on a = A1 ∈ (1, v2). For 1 ≤ j < J + 1 we
have

Lm( j) = [c j−1
m (v2), 1] × [c jm(a), c j−1

m (a)],
FA(Lm( j)) = [c jm(v2), v2] × [c j+1

m (a), c jm(a)]
= Lm( j + 1) ∩ ([cJ+1

m (v2), v2] × S) ⊂ 
A,

and for j = J + 1 we have

Lm(J + 1) = [cJm(v2), 1] × [1, cJm(a)],
FA(Lm(J + 1)) = [cJ+1

m (v2), v2] × [v2, cJ+1
m (a)].

The complex points v2 = e(2π/�)i , cJ+1
m (a), and 1 are in counter-clockwise order on the

circle, and [cJ+1
m (v2), v2] ⊂ [1, v2]. There are two possible cases:

• For odd m, arg(cJ+1
m (a)) < 0, then cJ+1

m (a) is the end of the cycle.

• For even m, a = c jm(v2) for some j , and then cJ+1
m (a) = 1.

In either case, we have FA(Lm(J + 1)) ⊂ 
A and thus

FA

⎛

⎝

J+1
⋃

j=1

Lm( j)

⎞

⎠ ⊂ 
A and FA

⎛

⎝

J+1
⋃

j=1

Lm( j)

⎞

⎠ ⊂ [cJ+1
m (v2), v2] × S.

Similarly, for 1 ≤ i < I + 1 we have

Um(i) = [v2, c−i+1
m (1)] × [c−i+1

m (a), c−i
m (a)],

FA(Um(i)) = [1, c−i
m (1)] × [c−i

m (a), c−i−1
m (a)]

= Um(i + 1) ∩ ([1, c−(I+1)
m (1)] × S) ⊂ 
A,

and for i = I + 1 we have

Um(I + 1) = [v2, c−I
m (1)] × [c−I

m (a), v2],
FA(Um(I + 1)) = [1, c−(I+1)

m (1)] × [c−(I+1)
m (a), 1] ⊂ 
A
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since the complex points 1, c−(I+1)
m (a), and v2 are in counter-clockwise order, and

[1, c−(I+1)
m (1)] ⊂ [1, v2]. Thus

FA

(

I+1
⋃

i=1

Um(i)

)

⊂ 
A and FA

(

I+1
⋃

i=1

Um(i)

)

⊂ [1, c−(I+1)
m (1)] × S.

Since cJ+1
m (v2) = c−(I+1)

m (1) we conclude that FA(

(m)
A ) = 
A ∩ ([1, v2] × S). ��

5.3 Attractor property

Having shown (Theorem 5.2) that FA is bijective on the set 
A, we now want to show
that 
A is the global attractor of FA : S× S \ 	 → S× S \ 	. Experimentally, this appears
to be true for any choice of elliptic parameters Ak ∈ (Vk−1, Vk+1), but our existing method
of proof (using isometric circles) requires Ak ∈ [Pk, Qk] ⊂ (Vk−1, Vk+1).

Theorem 5.3 If each elliptic partition point satisfies Ak ∈ [Pk, Qk], then the set
A from (19)
is the global attractor of FA from (11). Moreover, for any initial point (u0, w0) ∈ S×S \	,
there exists K > 0 for which FK

A (u0, w0) ∈ 
A.

Proof We first show, using isometric circles, that the orbit of any (u0, w0) will escape a set
�A defined below, and we then deal with the “exceptional set” S × S \ (
A ∪ �A).

The set �A (see Figure 11) is the union

�A :=
N

⋃

k=1

�k,

where N is the number of sides of the polygon and �k are defined as follows:

• If Vk and Vk−1 are ideal, we define �k = [Vk−1, Vk] × [Vk−1, Vk], which is also
[Ak−1, Ak] × [Ak−1, Ak].

• If Vk is elliptic then Vk−1 and Vk+1 are both ideal (so Ak−1 = Vk−1 and Ak+1 = Vk+1),
and we define �k = [Vk−1, Qk] × [Ak−1, Ak] and �k+1 = [Pk, Vk+1] × [Ak, Ak+1].
Each iterate (un, wn) := Fn

A(u0, w0) is acted on by a Möbius transformation, which we
call γk . By Property (5) of Definition 2.2, the isometric circle of γk contains a side of the
canonical polygon, and γk is the side-pairing transformation. From this we can conclude
that there exists a positive integer n, dependent on u0 and w0, such that the point (un, wn)

escapes the set �A because each Möbius transformation γk is expanding in the interior of
its isometric circle, including the intervals that define each �k . Thus the distance between
un and wn must grow sufficiently for the points to eventually belong to different isometric
circles, hence there exists n ≥ 0 such that (un, wn) /∈ �A.

In order to prove the attracting property of the set 
A, we need only to consider points
(u, w) /∈ (
A ∪ �A) and show that they will enter 
A after finitely many iterations of FA.
Notice that a set [Ak−1, Ak+1] × [Ak−1, Ak+1] \ (
A ∪ �A) is non-empty only when Vk is
an elliptic point of order greater than 2, so we investigate such a situation. These “exceptional
sets” are the white areas of Figure 11.

We may assume that we are dealing with the standard-position B(1), that is, we have
w ∈ [1, v2]. The exceptional set for the elliptic vertexV1 are shown asmulticolored rectangles
in Figure 12.
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Fig. 11 By isometric circle argument, orbits must escape the colored set

Fig. 12 Rectangles of the exceptional set for m = 8 (left) and m = 9 (right)

Case m even. In this case, the exceptional lower rectangles are

̂Lm( j) = [q, c j−1
m (v2)] × [c jm(a), c j−1

m (a)], 1 ≤ j ≤ J (22)

and the upper rectangles are

̂Um(i) = [c−i+1
m (1), p] × [c−i+1

m (a), c−i
m (a)], 1 ≤ i ≤ I (23)

(There are no exceptional rectangles corresponding to Um(I + 1) and Lm(J + 1).)
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It is enough to track the images of ̂Lm(1) and ̂Um(1) only. Indeed, if 1 ≤ j < J ,

FA(̂Lm( j)) = cm(̂Lm( j)) = [p, c jm(v2)] × [c j+1
m (a), c jm(a)] ⊃ ̂Lm( j + 1). (24)

This shows that ̂Lm( j) ⊂ F j−1
A (̂Lm(1)) for 2 ≤ j ≤ J . Similarly, one can show that

̂Um(i) ⊂ Fi−1
A (̂Um(1)) for 2 ≤ i ≤ I . This allows us to focus on the exceptional sets ̂Lm(1)

and ̂Um(1).
If (u, w) ∈ ̂Lm(1) (red rectangle in Figure 13 left), then

F J
A(̂Lm(1)) = [cJm(q), cJm(v2)] × [cJ+1

m (a), cJm(a)]
= [cJm(q), cJm(v2)] × [cJ+1

m (a), 1] ∪ [cJm(q), cJm(v2)] × [1, cJm(a)].
The first rectangular piece belongs to the upper part of 
A, since arg(cJ+1

m (a)) ≥ arg(v2) =
2π
�

(see also the proof of Theorem 5.2). The image of the second piece (green rectangle) is

FA
([cJm(q), cJm(v2)] × [1, cJm(a)]) = [cJ+1

m (q), cJ+1
m (v2)] × [cm(1), cJ+2

m (a)]
= [1, p] × [v2, cJ+2

m (a)]
⊂ [1, p] × [v2, 1] ⊂ 
A.

One can track ̂Um(1), similarly, to prove that all its points will enter 
A, after finitely many
iterations.

Casem odd. In this case, in addition to the exceptional lower and upper rectangles described
in (22) and (23) we have an exceptional lower rectangle

̂Lm(J + 1) = [q, cJm(v2)] × [1, cJm(a)] if a ∈ [p, v]
or an exceptional upper rectangle

̂Um(I + 1) = [c−I
m (1), p] × [c−I

m (a), v2] if a ∈ (v, q].
In what follows, we treat the case a ∈ [p, v] with the additional exceptional rectangle
̂Lm(J+1). The inclusions ̂Lm( j) ⊂ F j−1

A (̂Lm(1)) for 2 ≤ j ≤ J and ̂Um(i) ⊂ Fi−1
A (̂Um(1))

for 2 ≤ i ≤ I remain valid, as in the case m even. Also

FA(̂Lm(J )) = cm(̂Lm(J )) = [p, cJm(v2)] × [1, cJm(a)] ⊃ ̂Lm(J + 1)

since cm(q) = p and the points 1, p, v, q, v2 are in counter-clockwise order. Thus we only
need to analyze the iterates of points in the exceptional sets ̂Lm(1) and ̂Um(1).

If (u, w) ∈ ̂Lm(1) (red rectangle in Figure 13 right), then

F J+1
A (̂Lm(1)) = [cJ+1

m (q), v] × [v2, 1] (green rectangle)

⊂ [1, v] × [v2, 1] ⊂ 
A

because cJ+1
m (q) = cJm(p) ∈ [1, v] (see also Figure 7).

One can track ̂Um(1), similarly, to prove that all its points will enter 
A, after finitely
many iterations. ��

The proof of Theorem 5.3 uses isometric circles to show that the orbit escapes �A, and
for this reason we require Ak ∈ [Pk, Qk] in the statement of the theorem. Most likely this
restriction in unnecessary:

Conjecture If each elliptic partition point satisfies Ak ∈ (Vk−1, Vk+1), then the set 
A
from (19) is the global attractor for FA.

With the canonical case complete, we now prove the main theorem.
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Fig. 13 Images of exceptional rectangle ̂L8(1) (left) and ̂L9(1) (right). The cyan rectangle is the image of
only the part of the green rectangle that is outside 
A

6 Proof of Main Theorem

Let � be any Fuchsian group of the first kind with signature (g;m1, ...,mr ; t ≥ 1). Let F∗
be the canonical marked quasi-ideal polygon with this signature and �∗ the group generated
by side-pairing transformations of F∗. By Theorem 3.2 there exists a Fenchel–Nielsen map
h : D → D such that � = h ◦ �∗ ◦ h−1.

For the canonical case, let A∗ = {A∗
1, ..., A

∗
N } be a partition of S with A∗

k ∈ [P∗
k , Q∗

k ] if
A∗
k is an elliptic partition point and A∗

k = V ∗
k if A∗

k is an ideal partition point,

fA∗(x) = γ ∗
k (x) for x ∈ [A∗

k−1, A
∗
k)

be the associated boundary map, and

FA∗(u, w) = (γ ∗
k (u), γ ∗

k (w)) for w ∈ [A∗
k−1, A

∗
k)

be its natural extension.
These data are transferred to the data for � by the Fenchel–Nielsen map:

• By (9), the maps γk := h ◦ γ ∗
k ◦ h−1 generate �.

• A = h(A∗) = {A1, ..., AN } is a partition of S. Ideal A∗
k are mapped to ideal Ak by

construction, and if A∗
k ∈ [P∗

k , Q∗
k ] is an elliptic partition point, then Ak belongs to a non-

degenerate closed interval [Pk, Qk] := [h(P∗
k ), h(Q∗

k )]. Note that arg(Pk) < arg(Qk)
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since h preserves the order of points on S. Notice that Pk and Qk are not necessarily the
second endpoints of the geodesic rays (Vk−1, Vk) and (Vk+1, Vk).

• fA(x) = γk(x) for x ∈ [Ak−1, Ak) is the boundary map acting by generators of the
group �.

• FA(u, w) = (γk(u), γk(w)) for w ∈ [Ak−1, Ak) is its natural extension map.

Then
fA = h ◦ fA∗ ◦ h−1

and
FA = (h × h) ◦ FA∗ ◦ (h−1 × h−1).

Note that if we start with any partition A for � with elliptic partition points Ak ∈ [Pk, Qk],
then

• h−1(A) = A∗ will be a partition for �∗ with elliptic partition points A∗
k ∈ [P∗

k , Q∗
k ],

• fA∗ = h−1 ◦ fA ◦ h will be a boundary map for �∗, and
• FA∗ = (h−1 × h−1) ◦ FA ◦ (h × h) will be the natural extension map for fA∗ .

Since the map fP∗ is Markov by Proposition 5.1, we know that fh(P∗) is also Markov,
which proves item (i) of the main theorem (we could use Q∗ or M∗ as well).

By Theorem 5.3, FA∗ has global attractor 
A∗ with finite rectangular structure. Then
(h × h)(
A∗) is the global attractor (and domain of bijectivity) for FA, and since the map
h × h preserves horizontal and vertical lines, this domain has finite rectangular structure as
well, proving (ii) and (iii). ��

7 Application to coding of geodesic flow

The finite rectangular structure of the attractor for the reduction map, in addition to Don
Zagier’s inversion problem for modular forms [42] mentioned in the introduction, can be
also used for coding geodesics on �\D. For previous related work, see the results of [23] for
the modular group and [1] for surface groups.

A geodesic in D from u to w (u, w ∈ S) is called reduced if (u, w) ∈ 
A. According to
the main theorem, every geodesic can be reduced in finitely many steps. Let us start with a
reduced geodesic from u0 to w0. We associate to w0 a symbolic sequence

[w0] = [n0, n1, n2, ...]
in the finite alphabet {1, 2, 3, ..., 4g + 2r + 2(t − 1)} that corresponds to the sides of F ,
where for k ≥ 0 if f kA(w0) ∈ [Ai , Ai+1), then nk is the side of F that is paired with side i .
By successive application of FA we obtain a sequence of reduced geodesics from uk to wk ,
where

[wk] = [nk, nk+1, ...].
From the bijectivity of FA on 
A we can continue the sequence to the past, thus associating
to a given geodesic on the orbifold a bi-infinite symbolic sequence

[...n−2, n−1, n0, n1, n2, ...].
The left shift of the sequence corresponds to an application of themap FA to the corresponding
geodesic. Using the Markov partitions P,M,Q, one can obtain a Markov symbolic coding.
The parameterization of the cross section by the attractor will allow us to represent the
geodesic flow on �\D as a special flow over a symbolic dynamical system. This application
is a subject of current work by the authors and will appear elsewhere.
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Appendix A. Explicit construction of the canonical polygon

Given signature (g;m1, ...,mr ; t ≥ 1), for each cyclic subgroup we construct a canonical
fundamental polygon. Recall that � = g+r + t−1 is the number of building blocks (number
of sectors) in the fundamental polygon. Also recall equation (17), which defines the string

s = [s1, s2, ..., s�] = {�, ...,�
︸ ︷︷ ︸

g

,m1, ...,mr ,∞, ...,∞
︸ ︷︷ ︸

t − 1

}

corresponding to the signature (g;m1,m2, ...,mr ; t ≥ 1). We now define the infinite-area
polygons

Fm :=
{

z ∈ D :
∣

∣

∣z − sec(θ)eθ i
∣

∣

∣ ≥ tan(θ) and
∣

∣

∣z − sec(θ)e(2π/�−θ)i
∣

∣

∣ ≥ tan(θ)
}

,

where θ = arctan
( sin(π/�)
cos(π/�)+cos(π/m)

)

.

In the case m = 2 the two Euclidean circles bounding Fm coincide, and in the degenerate
case m = � = 2 it becomes a line: F2 = {z ∈ D : Im(z) ≤ 0} when � = 2. In the limiting
case m = ∞ this becomes

F∞ :=
{

z ∈ D :
∣

∣

∣z − sec(θ)eθ i
∣

∣

∣ ≥ tan(θ) and
∣

∣

∣z − sec(θ)e(2π/�−θ)i
∣

∣

∣ ≥ tan(θ)
}

,

where θ = arctan
( sin(π/�)
cos(π/�)+1

)

.

When g > 0 we also use

F� :=
{

z ∈ D :
∣

∣

∣z − sec(θ)e(2k+1)θ i
∣

∣

∣ ≥ tan(θ), k = 0, 1, 2, 3
}

, where θ = π
4� .

The markings on these polygons are as follows:

• In Fm the non-ideal vertex is

V1 = cos( �+m
2�m π)sec( �−m

2�m π)e(π/�)i ,

with the geodesic arcs (1, V1) and (V1, e2π i/�) meeting there with angle 2π
m . The

former arc is glued to the latter by the map cm : D → D that rotates by angle 2π
m

around V1. As a matrix acting on the unit disk, cm is given explicitly by

cm =
(

1 −V1
−V1 1

)−1(
e−π i/m 0

0 eπ i/m

)(

1 −V1
−V1 1

)

,

or, equivalently,

cm(z) = (1 + cos( π
m )eπ i/�)z − (cos( π

m ) + cos( π
�
))eπ i/�

(

(cos( π
m ) + cos( π

�
))e−π i/�

)

z − (1 + cos( π
m )e−π i/�)

Note that 〈cm〉 is a cyclic group of order m.
• For m = ∞, the point V1 = eπ i/� is ideal and the side (1, V1) is glued to (V1, V2) by

c∞(z) = 2e2π i/�z − (e2π i/� + e3π i/�)

(eπ i/� + 1)z − 2eπ i/�
.

• For F�, denote Vk = ekπ i/(2�) so that the vertices of F� are V0, V1, V2, V3, V4, all
of which are ideal. The side V0V1 is glued to V3V2 (note the orientations) by

a1(z) = −e5π i/(4�)z + cos( π
4� )e3π i/(2�)

− cos( π
4� )z + eπ i/(4�)

,
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Fig. 14 Standard-position fundamental polygons

Fig. 15 Examples of quasi-ideal polygons

and the side V3V4 is glued to V2V1 by

b1(z) = eπ i/(2�) · a−1
1 (e−π i/(2�)z)

so that the glued geodesics are isometric circles. Note that the transformation
b−1
1 a−1

1 b1a1 maps V0 to V4.

Some examples of this construction are shown in Figure 15 (note that the polygon Figure
15(a) in the disk model is exactly the right part of Figure 2 in the half-plane model).
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