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Introduction

In this paper we study modular forms on Fuchsian groups of the first kind.
Our original motivation was to find an analog of Fourier coefficients for a
modular form on a compact surface I'\ 3, where

# ={zeC, Imz>0}

is the upper half-plane and I' is a discrete cocompact subgroup of SL(2,R)
acting by fractional linear transformations. We demonstrate that in this case
the periods over closed geodesics play a role somewhat similar to that of Fou-
rier coefficients of modular forms on SL(2,Z) and its congruence subgroups.
More specifically, those periods uniquely determine a modular form (Theo-
rem 2). This result is valid for cusp forms on any Fuchsian group of the first
kind with or without cusps and is closely related to the study of relative Poin-
caré series associated to closed geodesics. For each integer k=2 and each clo-
sed geodesic [y,] we define special cusp forms of weight 2k, called relative
Poincaré series 0, [, ; and prove that they generate the whole space S,,(I') of
cusp forms (Theorem 1). In §3 we give an expression for periods of a relative
Poincaré series over closed geodesics in purely geometrical terms through the
intersection of the corresponding geodesics (Theorem 3). An application of
Theorems 1 and 3 to arithmetic subgroups of SL(2,IR) gives two natural ra-
tional structures on S,,(I") (Theorem 4).

The relative Poincaré series have been studied for general I' by Petersson
[18, 19] and Hejhal [5] (g=2). Wolpert [23] gives a basis of S,(I') for g=2.
For SL(2,Z) the relative Poincaré series have been studied by Zagier [25],
Kohnen [8], Kohnen and Zagier [9], and Kramer [13]. A related problem of
constructing cusp forms of weight two associated to closed geodesics has been
treated by Kudla and Millson in [14]. In connection with the problem of
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choosing spanning sets for S,,(I') from Poincaré series (not relative Poincaré
series) we should mention Hejhal [5] and Kra [11].

The essential difference between all the earlier work and our approach lies
in the use of qualitative (geometrical and dynamical) methods based on the
representation of a cusp form as a function on the unit tangent bundle of
I'\#. A very general theorem of Livshitz [16] and a theorem of Guillemin
and Kazhdan [4] play the key role in our considerations.

This paper contains the results of the first three chapters of my Ph.D. thesis
[7]. T want to thank my adviser, Don Zagier, for all his help and advice, and J.
Bernstein and S. Wolpert for discussions from which I profited a great deal
and also for their enthusiasm and encouragement for my work. The results of
this paper have been announced in [6].

§ 1. Relative Poincaré series

Let I be a Fuchsian group of the first kind acting on the upper half-plane #,
i.e. a discrete subgroup of SL(2,R) with vol(I'\#)<co; k=2 be an integer;
S,.(I') be the space of all cusp forms of weight 2k on I'. All relevant definitions
and properties of cusp forms can be found in [20, 15, 21]. We shall use the

following notations: for z=x+iye# and o= (a Z)GSL(Z,]R) jlo,z)=cz+d,
(fla ) (@)= f(22)-j(o,2) 2~ ¢

The following proposition describes a general way of obtaining cusp forms
on .

Proposition 1. Let I be a subgroup of I' and let f(z) be a function, holomorphic
on K and satisfying

flar=f for all el (L1)
§§ 1/ @I (Im z)*dV < oo (1.2)
o\

dxd
where dV = );zy. Then

i) The series F(z)= ) (flyy)(2), called the relative Poincaré series as-
yelo\l'
sociated to the function f, converges absolutely on #, uniformly on compact sets;

ii) F(z)eS,(I).
Remark. 1t is easy to see that F(z) is well defined, i.e. it does not depend on the
choice of representatives of I;\I', and (1.2) does not depend on the choice of

the fundamental domain for I,.
The proof is a standard complex variable argument (cf. [12], Ch. 1, §7).

Example. Let y,= (a Z) be a hyperbolic ([tryo|>2) element in I'. y, is called
C

primitive if there is no element y, el such that y,=1v] for an integer n>1. If ¢
#0 7y, has two hyperbolic fixed points on the real axis, one repulsive (w,} and
the other attractive (w,). The oriented geodesic C(y,) on & from w, to w, is
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called the axis of y, and clearly is (yo)-invariant. Let Q, (z)=cz’+(d—ajz—b
be a quadratic function havings its zeros at w; and w, and D,=Disc(Q,,)
=(tryo)>—4. If ¢=0, then Q,,(z) becomes a linear function and C(y,) is paral-
lel to the imaginary axis.

Let f(z2)=0Q,%(z) and Iy={y,>. (1.1) follows from the equality Q, (7, 2)
=Q..() i *(y9,2). For any aeSL(2,R) and any quadratic function Q(z) put
(Qoa)(z)=Q(xz)j(2, )2 Notice that 0,,00=Q,-1.,,.,. Also we have
105 e z) (Imaz) =|(Q,, 00) " (2)| (Im 2)* and @ %|,, a=(Q, ) ¥ In order to ver-
ify (1.2) we make the “canonical” change of variables by means of a matrix
ReSL(2,R) which transforms the oriented imaginary axis [0,ic0] into C(y,).
Then R='-y,-R= (;
—]/DO) if try, <0, (QmoR)(z)=(—sgntry0)1/DOz and the integral over the
fundamental domain for (R~1'.y,-R), §,={zeH|1<|z|<e?} converges ob-
viously for k=2. Thus we obtain a cusp form for each hyperbolic element
yoel’, the following normalization of which we denote by

0 — .
9“1) with e=4(try, +1/ Do) if try,>0 and e=4(try,

2k—2\-1
O, 4o (2)=Dg ¥ (—sgntrvo)n‘l( k_l) 21N Q00 M), (13)
vel{yoo\l
The following properties of the relative Poincaré series are proved by a
straightforward calculation.

Proposition 2.

1) If y, and v, are conjugate in I' (we shall denote this by y,~7v,), then
ek,yo(z)=6k‘y1(z);
ii) For any integer n, 0, ,=n-0,""0, , (2), where 2,=Q.,.(z)/Q, ().

Thus, the relative Poincaré series (1.3) are actually defined on conjugacy
classes of hyperbolic elements and it is sufficient to consider them only for
primitive hyperbolic elements. We denote by [y,] the conjugacy class of the
hyperbolic element 7y, in I'. Since conjugacy classes of primitive hyperbolic
elements of I' are in one-to-one correspondence with oriented (primitive) closed
geodesics on I'\ #, we shall usually denote closed geodesics also by [y,] and
the relative Poincaré series associated to them by 6, . ,(z). The finiteness of the
number of conjugacy classes of hyperbolic elements with a given trace (“class
number”) interpreted as the number of closed geodesics of given length (see
[17]), follows immediately from this representation.

The space S,,(I') is a finite dimensional complex Hilbert space with respect
to the Petersson scalar product

hgy= | f2)gl)y*av.
n\#
Definition. For each hyperbolic element y,el” and each geS,,(I'), the integral

Y020

18 vo)= Ig”)Q H(2)dz (1.4)

is called the period of g over the closed geodesic associated to y,.
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7020

The integral § g(z)Q% "(z)dz does not depend on the choice of the point

Zo
z, and the path from z, to y,z,. This follows from the fact that the
differential form g(z)Q% '(z)dz is holomorphic on # and (y,)-invariant.
Thus r(g,y,) is well-defined. It is convenient, however, to choose z,eC(y,)
and to integrate along the geodesic C(y,). The following result first appeared
in [5] §7.

Proposition 3. For any g(z)S,,(I') and any hyperbolic element y,erl’,
<8, 0y, y,> =Ti(8, 70)-

A proof can be found in [8] and is based on the following observation. For

F(z)= Y. (fI7)(2), the relative Poincaré series associated to f satisfying the
yelo\I

hypotheses of Propositionl and any geS, () we have <(gF)

= {[ g(z)f(z) y**dV. Then one uses the same change of variables as in the
o
Exa}nple and reduces the proof to a routine computation.

According to Borel [1] (see also [2]), cusp forms may be interpreted as
functions on I'\SL(2,R), which can be identified with the unit tangent bundle
SM to the surface’ M =TI\ We shall describe this interpretation in a con-
venient coordinate form. The unit tangent bundle to #, S#, may be parame-
trized by local coordinates (z,{), where ze#, (e, |{|=1Im z since the metric on
each fiber is induced by the hyperbolic metric on s The second coordinate {
may be regarded as a complex-valued function on S3# For any yel, (dy){
=j"2(y,z){(dy is the differential of y) and thus for any f(z)eS,,(I') the function
f(2)¢* is invariant under I', and therefore is a well-defined function on SM. For
the same reason f(z)(*~'dz is a well-defined differential form on SM. Now we
can give a geometrical interpretation of the periods of f(z) over closed geo-
desics (1.4). The arc (z,,742,) of the geodesic C(y,) in 5# becomes the closed
geodesic [y,] in M. We can lift [y,] into SM by z—(z,{), where { is the tan-
gent vector to C(y,) at the point z of hyperbolic length 1. We shall use the
same notation [y,] for the geodesic lifted to SM. Consider the geodesic flow
{y/*} on SM. More precisely, each point v=(z,{)eSM defines a geodesic on M,
closed or not, which is lifted to SM by the standard lifting z— (z,{) described
above. Y v=(z,,{,) is the point on the same geodesic such that the hyperbolic
length of the arc(z,z,) equals t. {§)’} can be regarded as a motion with unit
speed along geodesics. The closed geodesics become periodic orbits of {i'}.

Proposition 4. Let f(2)eS,(I') and y,eI' be a primitive hyperbolic element, [y,]
the closed geodesic on SM corresponding to the conjugacy class of y,. Then

k—1
[j f@*dt= | f() " dz=(—sgnltryo))*"' Dy 2 nlfiv0),
yol 7ol
where t is the “time”, or the parameter of the geodesic flow and dt=d{
Vdx*+dy?
" .

If I' has elliptic elements, M is not a smooth surface, but a so-called orbifold

1
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Proof. Let yo= ((Cl Z)eF and (z,{)e C(y,). Then Qyn(z)=c22+(d~a)z—b=c(z

—wy)(z—w,). An elementary geometrical argument shows that Arg{
=ArgQ, (2) if try,<0 and Arg{=ArgQ, (z)+n if try,>0. Let | | denote the
usual Euclidean norm on €. Then |{}|=y and Q, (2)=l|c|-|z—w|-|z—w,]
=lc|-y-lw, —wllz]/D0 I{|. Finally, we obtain Q (z)= —sgn(tr yo)]/DO {. Tak-
ing as a lift of [y,] to s the segment between z, and y, z, we obtain the right
equality. The left equality follows from the formula dz={d/={dt. O

§ 2. Periods of cusp forms and the geodesic flow

In this section we shall prove the following theorem.

Theorem 1.

1) The relative Poincaré series 8, ,, for conjugacy classes of primitive hyper-
bolic elements [y,] of I generate the whole space S,,(I').

i} Suppose, in addition, that I' is symmetric, i.e.

-1 0
yell = y=¢yeel, (s=( 0 1>>

and let

o+ Bt e and 0~ _ B O
A kDol = T -

Then each of the families of the cusp forms {0, |} and {0, ..} generates Sy ().

By Proposition 3, Theorem 1 follows immediately from the following state-
ment.

Theorem 2.

i) If the periods of a cusp form feS,,(I') over all closed geodesics are equal
to zero, then f(z)=0.

i) If T is symmetric and r.(f,y,)+1.(f;75)=0 (or r(f,vo) —1.(f,75)=0) for all
primitive hyperbolic elements yy eI, then f(z)=0.

Proof of Theorem 2. (i) Let f(z)eS,,(I') such that r(f,y,)=0 for all primitive
hyperbolic elements y,eI’. The function ¢ = f(z){* on SM is smooth and, ac-
cording to Proposition 4, has zero integrals over all closed geodesics. We shall
use now the result of A. Livshitz? [16] which we formulate in a slightly modi-
fied form to include the possible presence of cusps.

Theorem. Let I' be a discrete subgroup of SL(2,R) with vol(I'\#)<oo, M
=TI\, and let {Y'} be the geodesic flow acting on SM. Let f be a smooth
Sfunction on SM whose integrals over all periodic orbits of {Y'} are equal to zero.
Then there exists a function F on SM satisfying a Lipschitz condition and differ-

2 We use the natural English spelling of his name instead of a phoenetic transliteration, Livéic,

which appeared in the translations of his papers from Russian into English
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dF
entiable in the direction of the geodesic flow and such that T f, where 9:%
is the operator of differentiation along the orbits of the flow {y'}.

The original proof for geodesic flows on compact manifolds works with
minor alterations for manifolds with cusps (see [7] Appendix).

By Livshitz’s theorem there exists a function F satisfying a Lipschitz con-
dition and such that

d
EF: f(2) - 2.1

Let us consider I?(SM) with the scalar product
(F,Gy= | F-Gdvd®,
SM

dxdy
y?

where dV = and dVd0 is the SL(2,R)-invariant volume on SM(0= Arg{).
Lemma. Let F be the function obtained from Livshitz’s theorem for ¢ = f(z) (¥,
where f(z)€S,,(I'). Then Fel?(SM).

Proof. If we prove that F is uniformly bounded on SM, then, using the assump-
tion vol{(I'\#)<co which implies that vol(SM}< o, we get FeI?(SM). If
I'\o# is compact, then the boundedness follows from a Lipschitz condition.
Suppose that I'\# has cusps. Since the number of cusps is finite, it is enough
to prove that F is bounded at each cusp o. Let ReSL(2,IR) be such that R(c0)
=g, and let @(z)=(f|, R)(2)=f(Rz)j(R,z)"**-P(z) is invariant under

1 h
<( )>=R‘1 I’ R, where I, ={yel’, yo=0}, h>0, and therefore has a Fou-

0 1
rier development at oo: @(z)= Y a,e*™"**; a,=0 since f is a cusp form. Let /
n=1

be the imaginary axis, then R([) is the geodesic, going to the cusp ¢. Fix
veR(I), then

: r
Fy v)—F(@)=[¢y'v)dt since ¢=‘2‘t.
0
Notice that for some constant C,
[ vyde|=|[f(whnide|=|[] &(z) i dt
o 0 0

e 9]

s flo()y*tdy<Cy,

yo

d _2my .
since on I, {,=iy, dt=—l, |@(2)l=0(e” # ) and therefore the last integral con-
y

verges. Therefore, there exists a constant C, such that for O<s<oo,
IF(* o)l < C,.

The finiteness of the volume implies that for any ¢>0 there exists a neigh-
borhood of ¢ in M, U(s)3v such that /(z, R(I))<e for all zeU(o), where £ is

the hyperbolic metric on M. Let U(a)=S(U(s))=SM, R(I) be the lift of R(I)
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onto SM, and s be the metric in SM induced by the hyperbolic metric on

M(ds®=dl?+d03). Then for all u=(z,{)eU(c) we have s(u,R(I))<e+n and
since F satisfies a Lipschitz condition, we have |F(u)|< C for some constant

c. 0
A standard Fourier analysis argument shows that we can decompose F in
[*(SM) as follows: F(z,{)= Y F,, F,eH,, where H,=I?(SM) are defined as

follows: H,,= {G(z, ()ELZ(SMS|G(Z, {)=¢(z){"™}. Notice that g(z) is not supposed
to be holomorphic on #
Since the volume form dVd¢ is invariant for the geodesic flow {y‘}, the

d
differential operator @:E’ defined on a dense set of functions differentiable

along the orbits of the geodesic flow {y'}, is skew-self-adjoint: 2¥= -2, or

equivalently, {(2f,g>=<{f,—~%g>. A direct calculation shows that =27
og .

+%~ and for G=g(z){"eH,,, 2% G= (rg—lmy‘ 1 g(z)) {"*'eH,,,and 2°G

ﬂ Oz
¢
=y25‘§‘§m71€Hm—1, and also (27)*=—-927; (27 )*=—92". Thus we can re-

write (2.1) as follows

giFk+1+@+Fk~1:f(Z)Ck
P F, ,+PD F_;=0 forall i%k.

i+1

A theorem of Guillemin and Kazhdan ({4], Theorem 3.6) implies that F,=0 for

i~k and i< —k, so the first equation has the form Z*F, ,=f(z){* Then

D DYF,_,=2 (f(2)("H=)* (gf(z)) {*=1'=0 since f(z) is holomorphic. We
0z

have 0=(F,_,, 2~ 9*F,_,>=—<@*F_,, 2*F_,>)=—|2*F,_|*. There-

fore 2% F,_ =0 and f(z)=0. This completes the proof of statement (i).

(i) Let f(z)eS,,(I) be such that n(f.y,)+n(f, yo)=0 for all primitive hyper-
bolic elements y,eI'. Then we have

[ f@kde+ | f(2){Fde=0.

[vo] [v6l

2.2)

Notice that C{y,) and C{y,) on # are symmetric with respect to the imaginary
axis and have the opposite orientation. Therefore after the change of variables
z=—w, we have {=—7=—y*n~"' and

§ f@¢di=(=1F [ f(—w)(Imw)*n*dt.

{v6] [¥ol

Therefore for all closed geodesics [y,] on SM we have

§ F@QEFf(=2)y*Fdt=0

{vol

where f(z)¢{*eH, and f(—2)y*{ *eH _,.
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By Livshitz’s Theorem there exists a function F on SM such that
d k— =\ 1,2k r—k
EEF=f(Z)C FA= =8 (2.3)

The same argument as in Lemma shows that FeI?(SM), and we can rewrite
(2.3) as follows:

giFk+1+9+Fk_1:f(Z)Ck
@“F—k+1+9+Fﬁk~1: if(—f)yncik
9~ F (+2*F_,=0 forall ik —k.

Theorem 3.6 ([4]) implies again that F,=0 for i=zk and i< —k. Therefore, the
same arguments as in (i) can be carried out, and we get f(z)=0. O

§ 3. Periods of relative Poincaré series

Throughout this section I' is supposed to be symmetric (see Theorem 1(ii)).

Theorem 3. Let y, and y, be two primitive hyperbolic elements and y;= —sgntry,
for i=0,1. Then

1O yop 1) — O 1303 71

k=1 k-1 w1 (k=2 L
=Dy2 D2 (xox4) (k_l) 2214 Y B (cosB,), (3.1)
pelyolnlyil

where the summation is taken over all intersection points p of [y,] and [y,] on
I'\A# (counted with multiplicities); if [yo,]1=L[y,] the summation is taken over all
points of the self-intersection of the geodesic [y,]. Here 0,=0,(y,,7,) is the
angle between the oriented geodesics [y,] and [y,] at their intersection point p;
p,=sgn(sinf); B_, is the (k—1)" Legendre polynomial.

Remarks. 1. For k=2, formula (3.1) agrees with the cosine formula of [24], (cf.
also [5], Theorem 5).

2. D. Kazhdan suggested that formula (3.1) may possibly be obtained by
using Eichler cohomology.

Proof. Let us assume first that y,~7y,, 7,~y5" Let Io={y>, [;=<{y>, K,
2k—2\"1
:D’{,‘é‘(—sgntryo)n"l( ) 22722 then 0, [,;= K1+ Y (@,,07) ().

k—1 yelo\l'

Lemma 1. Let y,,7,€I’ be two primitive hyperbolic elements, such that vy, ~vy,,
y,~v5 ' in I'; let {y,€T'} be a complete set of representatives of Iy\I'/I]. Then
{y.77, meZ} forms a complete set of representatives of I[\I.

The proof is straightforward and we shall omit it.
Using Lemmal and interchanging the summation and the integration
(which is legitimate since the relative Poincaré series converges absolutely) we
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have
Y120

rk(ek,[yo]ryl): j (K- Z (Q;U"|y)(z) l;fl(z))dz

yelo\l'

Y120

=K. | Y Y@ M@ (de

zo yelo\I'/T1 neZ

=K+ 2§ @020 H(2)dz
yelo\I'/I1 C(y1)
We obtain the corresponding formula for 1(0, (., 71). Making a change of vari-

ables z— —z and using that (Q ,°7")(z)= —(Q,,°7)(—2) and Q.. (2)=—Q, (~2),
we obtain the formula
Q Y2)dz

(3.2)
yeIp\I'/T; Cy1) (Qyo")’)k(z)

Tel0s 1y Y1) — 1Oy, V1) =Ky

where the integration is over a circle C(y,)u(— C(y})).

It follows from the Residue Theorem that the double cosets I y I; e Io\I'/I,
which contribute non-zero terms to the sum (3.2) have the property that
7~ 1 C(y,) intersects C(y,) on #, and those are in 1—1 correspondence with
intersection points of [y,] and [y,] on I'\J# counted with multiplicities. Since
[vo] and [y,] may have only finitely many intersection points, the sum in (3.2)
is in fact finite.

After the “canonical” change of variables R (cf. Example, § 1), transforming
the imaginary axis into C(y,), each term in (3.2) can be rewritten in the form

0 (2)dz PR N Z*=1dz
3 Kiy o X’i 'D 12 I 0O oo RYE( N
i (Q45°7)(2) Jiw (@507 R)(2)
The next lemma gives an expression for such an integral.

Lemma 2. Suppose k=1 and A,B, CeR with D=B>—4AC>0. Then

2klak1

i T a5 ——1(B—44C)"* if AC<0

(k—
0 if AC>0,
(3.3)

i}" 21z |(—sgnd) ———
i (AZ2+Bz+ CfF

The proof is a simple exercise and we shall omit it.

We define B,_, (173:) as follows
D

ot 2 1 -k k-1 B
ST B —4ACT =D 31 - DIR ()

and prove by induction that E_,(¢) satisfies the following recurrent formula for
k=1,2,... )
t°—

k

RO=tR_ 0+ R with B=1

which identifies B_,(¢) as the (k—1)*" Legendre polynomial (see [10], p.724).
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To each of the double cosets IyyI el,\I'/I; which contribute non-zero
terms to the sum (3 2) we shall apply Lemma?2 with Az*+Bz+C= 0;,(2),
where §,=R~'- “7o-y-R. An orientation on C(j,) is given by u(j,)
=sgn(trj,- A) and is clockwise if u(¥,)>0 and counterclockwise if u(j,)<0.
Let 0, be the angle between the oriented geodesic C(j,) and the positive direc-
tion of the imaginary axis (ie. C(R™'-y,-R). Then w(fo)=sgn(sinf )=p,. An

B
easy geometric argument shows that cosf,=(—sgntr y0)~1/—;. Since P, is even
D

for even k and odd for odd k, we have B_ | (%) =(—sgntry)* ' B (cos 0,).

Thus, since the linear fractional transformation R is conformal, each non-zero
term in (3.2) can be rewritten in purely geometrical terms (note that D=D,):

0" (z)dz
i (Q,007)5(2)

which implies formula (3.1).

Let us now consider the case when y, is conjugate in I' to y, or to y7 1.
Since 6, |, depends only on the conjugacy class of y, and since 6, ,.1,=
(—1)0, 1, it is sufficient to consider the case y, =7,. In this case we have I,
=], and therefore instead of Lemma 1 we need the following lemma:

ko k-1
=27IiD0 2 D1 2 (X() )CI)k‘1 'Xalﬂp3<~1(cosep)y

Lemma 3. Lo
i) Let y, be a primitive hyperbolic element, and let e= (0 1). Suppose

Yo~7o ' > and let geI be such that 6= y-a=y5"'; let {y,€l'} be a complete set
of representatives of I\I'/l; containing e and o. Then {y v}, meZ, v,
*e,0}weua forms a complete set of representatives of I)\I.

3 1o
il) Let y, be a primitive hyperbolic element such that y,~yg "', e= (0 1),

and let {y,€I'} be a complete set of representatives of I;\I'/I;, containing e.
Then {y,- 75, meZ, v,+e} e forms a complete set of representatives of Io\I.

The only other fact we need to get through all the calculations is that
YoZo dZ 7020

zjo 0, j Qm( z)’
of variables (see Example, §1). [J

which becomes obvious after our “canonical” change

§ 4. Rational structures on S,,(I') in the arithmetic case

Let I' be an arithmetic subgroup of SL(2,R), i.e. a group obtained from a
quaternion algebra over @ which splits over R (see [3], pp. 116-119, and
[22]). It is known that I' can be embedded in SL(2,IR) in a symmetric way so
that it satisfies the assumption of Theorem 1(ii). The only other fact about
arithmetic subgroups we need is that traces of all elements are integers.

3 1

The existence of such a y,el’ with y,~ys "' is a very special property of I'. This may be
possible only if I' contains an elliptic element of order 2
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Theorem 4. Let I' be an arithmetic subgroup of SL(2,R), and let y,,7,€l be two
primitive hyperbolic elements. Then {0}, ., 0, ;> €Q.

Proof. We have

i tyor> Oicy1? =310k pop Oy = Ortes )
+ 510 s O~ Brtyon Oy (4.1)

According to Proposition 3 (§1) and Theorem 3, we have

k—1

k—1 -
2100 por O 130 = Oy Oeryi)=4-Dg2 Dz 3 w,R_,(cosf,)

pelvolniyil

=—iIm<9, . ., 0 , 42
where geQ. 21m <O, 1), On1y012 (4.2)
Lemma (Wolpert [24]). The following formula gives the expression for the co-
sine of the angle between the axes of two hyperbolic transformations S ans T at
their intersection point p:

—sgn(trS-tr T)(tr S-tr T—2tr ST)
Vs —4.y/(wTy?-4

This formula shows that for each pe[y,]n[y,] the numerator of the expression
for cos0, is an integer, while the denominator is /' D,D,. If k is odd, F,_, has
only even powers of cos6,, if k is even, p,_, has only odd powers of cosf, and
it is clear from (4.2) that we get a rational number in both cases.

The same argument gives us the rationality of the second term in (4.1),
which completes the proof. [

cos 0p=

Formula (4.2) allows us to find bases in S,,(I") for particular arithmetic
groups I' and small k (cf. Chapter IV of [7]).
Now we can define two rational subspaces of S,,(I):

SHD) ={feS (D)< f, 05 ,,»€Q for all hyperbolic y,el’},

S D)y={feS, (D)<, H,jf[y()])e(l) for all hyperbolic y,erl'}.
Theorems 1(ii) and 4 now imply that S3,(I') is the @-span of {6, ;} and that
S$(I') and S;,(I') are rational structures on S,,(I') (ie. S5, (1N ®qC— S, (I)

which are dual to one another with respect to the Petersson scalar product.
Let S5,(I') be the Q-span of {0, o) Then 89, () is a rational structure on
S, (I') considered as a real vector space. This also follows from Theorems 1(ii)
and 4 and from the fact that Im {0, , 6. 5>=0 for any two hyperbolic y,, y,el’
(see (4.2)) which implies S}, iS5, ={0} and 55, =55, ®iS5,.
Remark. As has been pointed out to the author by John Millson, one can
deduce the existence of a rational structure on S,,(I') considered as a real
vector space from Shimura isomorphism between S,,(I') and H(I',S*~?R?)
(see [21] Chapter 8), and of two rational structures on S,,(I') considered as a
complex vector space from Shimura map S,,(I')— H'(I", $*~2 €?), which sup-
posedly coincide with three rational structures described in this paper.



480 S. Katok

References

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

20.
21.

22.

23.
24.

25.

. Borel, A.: Introduction to automorphic forms. Proceedings of symposia in pure mathematics,

Vol.9 (AMS, 1966}

. Gelbart, S.: Automorphic forms on Adele groups. Princeton, New Jersey.: Princeton University

Press and University of Tokyo Press 1975

. Gelfand, ILM., Graev, M.L, Piatetskii-Shapiro, LI.: Representation theory and automorphic

functions. Philadelphia, PA: Saunders 1966

. Guillemin, V., Kazhdan, D.: Some inverse spectral results for negatively curved 2-manifolds.

Topology 19, 302-312 (1980)

. Hejhal, D.: Monodromy group and Poincaré series. Bull. Am. Math. Soc. 84, 339-376 (1978)
. Katok, S.: Modular forms associated to closed geodesics and arithmetic applications. Bull. Am.

Math. Soc. 11, 177-179 (1984)

. Katok, S.: Modular forms associated to closed geodesics and arithmetic applications. Ph.D.

Thesis, University of Maryland (1983)

. Kohnen, W.: Bezichungen zwischen Modulformen halbganzen Gewichts und Modulformen

ganzen Gewichts. Bonn. Math. Schr. 131 (Bonn, 1981)

. Kohnen, W., Zagier, D.: Modular forms with rational periods. Proceedings of Durham sym-

posium on modular forms. Ellis Harwood 1984

Korn, G., Kron, T.: Mathematical handbook for scientists and engineers. New York-Toronto-
London: McGraw-Hill 1961

Kra, I.: On the vanishing of Poincaré series of rational functions. Bull. Am. Math. Soc. 8, 63-
66 (1983)

Krushkal’, S.: Quasiconformal mappings and Riemann surfaces. New York: Winston and
Wiley 1979

Kramer, D.: Applications of Gauss’s theory of reduced binary quadratic forms to zeta func-
tions and modular forms. Ph.D. Thesis, University of Maryland (1983)

Kudla, S.,, Millson, J.: Harmonic differentials and closed geodesics on a Riemann surface. In-
vent. Math. 54, 193-211 (1979)

Lang, S.: Introduction to modular forms. Grundlehren der Mathematischen Wissenschaften,
Bd. 222. Berlin-Heidelberg-New York: Springer 1976

Liv&ic, ANN.: Some homology properties of U-systems. Mat. Zametki 10, 555-564 (1971); Math.
Notes 10, 758-763 (1971)

Markus, L.: Structurally stable differential systems. Ann. Math. 73, 1, 1-19 (1961)

Petersson, H.: Zur analytischen Theorie der Grenzkreisgruppen. V. Math. Z. 44, 127-155 (1939)
Petersson, H.: Einheitliche Begriindung der Vollstdndigkeitssdtze fiir die Poincaréschen Reihen.
Abh. Math. Sem. Univ. Hamburg 14, 22-60 (1941)

Serre, J.-P.: Cours d’Arithmétique. Paris: Presses Universitaires de France 1970

Shimura, G.: Introduction to the arithmetic theory of automorphic functions. Princeton, NJ:
Iwanami Shoten Publishers and Princeton University Press, 1971

Vignéras, M.-F.: Arithmétique des algébres de quaternions. Berlin-Heidelberg-New York:
Springer 1980

Wolpert, S.: The Fenchel-Nielsen deformation. Ann. Math. (2) 115, 3, 501-528 (1982)

Wolpert, S.: An elementary formula for the Fenchel-Nielsen twist. Comment. Math. Helv. 56,
132-135 (1981)

Zagier, D.: Modular forms associated to real quadratic fields. Invent. Math. 30, 1-46 (1975)

Oblatum 22-VIII-1984



