THE ESTIMATION FROM ABOVE FOR THE TOPOLOGICAL ENTROPY
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1. The topological entropy of a diffeomorphism of a compact
manifold is always finite. It follows from the rough estimation [1]
which is similar to the earlier estimation of the metric entropy of a
diffeomorphism with respect to a smooth invariant measure [2]. Later
an exact formula was proved in this case ([3]; the estimation from
above belongs to G. A. Margulis). We prove a refined estimation from
above for the topological entropy which is similar to the estimation
of Margulis. Expressing the right-hand part of our estimation in
terms of differential forms we get a relation between the topological
entropy and spectral properties of the operator induced by a diffeo-

morphism in a space of differential forms.

2. Let M Dbe a compact metric space, T: M > M a homeo-
morphism of M onto itself. Background material about the topolog-
ical entropy can be found in [4]. We shall indicate several simple
facts concerning the notion of conditional topological entropy which

is introduced by M. Misiurewicz [5].

Definition. Let A,B Dbe two open cover of the space M. The con-
ditional topological entropy h(A/B) of the cover A vrelative to the
cover B is defined by the formula

h(A/B) = max log(NA(B))
B€B

where NA(B) is the minimal number of elements of A which cover the

element B € B.
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PROPOSITION 1. Suppose that B < C, i.e., each element of ¢ 1is

contained in an element of B. Then h(A/B) = n(A/C).

PROPOSITION 2. h(A vB) = h(B) + h(A/B).

PROOF: Let us denote the minimal number of elements of a sub-
cover of the cover A by NA' Further, let B' be a subcover of B,

which contains exactly Ng elements. Then

Nyyg = ¥ Nj(B) = Np max N,(B) and

B¢RB' BeRB
h(AvB) = 1log Njyg S log Ng + log gig Ng(BY = h(B) + h(A/B).
PROPOSITION 3. h(T,A) = lim h(TnA/AV-‘.VanlA).
n-w

PROOF: Let us apply the previous proposition n times to the

n—lA.

cover Av...vT We have

h(AVTAV. .. VTPA) = h(A) + h(TA/A) + ... + h(T"A/Av...vT"7TA).

By the definition of the topological entropy and proposition 1

¢ i i-1
} h(T A/Av...vI " ~4)

n -
h(T,A) - iim h(Av...vT A) < 1im i=1 -
T n n-ro n

= 1im h(TTAZAv...vTTRA).

n-»

PROPOSITION 4. h(T,A) = h(TA/A).

PROOF: h(TTA/Av...vTi 1Ay = n(ra/ave 2Av. . v~ (3D 4y < neTazay.

(The last inequality follows from proposition 1). Combining this

inequality with porposition 3 we obtain

h(T,A) = 1im (TPA/Av...vI® LAY < n(TA/A).

TN~>co
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3. Let M be an m-dimensional smooth compact Riemannian manifold

and T: M>M bea CT diffeomorphism.

THEOREM. h(T) = log max max |J(DT L)| = a(T),
x€M LT M ®

where J means the Jacobian and the inner maximum is taken over the

set of all linear subspaces of the tangent space TXM.

PROOF OF THE THEOREM: It is known [4] that h(T) = lim (T,Ak)

K>
if Ak is an exhaustive sequence of covers i.e., the maximal diameter
of elements of the covers A tends to zero as k - ». We shall con-

k

sider a special exhaustive sequence of covers having bounded multi-
plicities.

Let us choose a positive number e and a finite set of points

0

X5 Xg M such that the mappings exp i=1,...,8 are injec-

x:?
1

tive on -balls and the images of these balls cover M. Denote the

‘o
maximal multiplicity of this cover by N. Let & > 0 Dbe so small

that the images of (so -8)-balls still cover M. Let us denote by

Dy(v,r) the ball in the tangent space TyM of radius r about

v € TyM . Let us fix a sequence of positive numbers 8y > 0,

Gk < % and cover each of the balls DX_(O,aO -8), i=1,...,8 by a
i

system of &6, -balls with the maximal multiplicity bounded by a number

k
R which does not depend on k and i. The images of these Sk—balls

under the action of the corresponding mappings exp,, form the
i

cover Ak of M with the maximal multiplicity bounded by the number

C = NR.
For every element A € Ak there exist 1i¢€{l1,...,s} and a tan-
gent vector v € T_ M such that (epr')_lA = DX.(V,Sk). Let
expxiv T Xpe Suppo;e that the number iO > 0 islchosen so small that
Ok -1
D (0,7f) c (epr ) A c D, (0,26k) (1)

%A A A
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LEMMA. There exists a constant C' such that for every integer n

there exists a positive integer k(n) such that for k > k(n)
R(A/TMA ) = a(T™) + C

PROOF OF THE LEMMA: Let us fix an integer n and choose k to

provide the mapping ™ be sufficiently close to a linear mapping

on each element A of the cover Ak’ To be more precise, let us

consider a set A and the corresponding point =x Condition (1)

Al
implies that:

-1 -1.n
(expon, ) "B c (exp,n_ ) "T'exp. (D_ (0,28 )) where B = T A.
T Xy T X, Ry %y k
We can choose the number k so large (and consequently Bk so small)
that
-1.n n
(expn_ ) "Texp_ (D_ (0,26,)) ¢ DT"D_ (0,35,)
T e Xy XKy k Xp k
whence
(expon. ) B c DT™D. (0,35, ) (2)
T Xy Xy >k

Besides that, we shall claim the diameter of the set DTnDX (0,36k)
A

to be less than % . Condition (2) expresses our demand to the
mapping DT" +to be close to a linear map. Let us estimate now
h(Ak/TnAk) =  max log Ny (B). Denote by B' the set
n k
BET Ak

-1 . .
eXanxAU25k((eXanx) B) where U_(E) is an a-neighborhood of the

set E. By (2) we have

(exanX )_1

-1
B' = U ((exp.n_ ) "B) © U
A 20, T %y

n
s (DT DXA(O,BGk)) (3)

2%

and the diameter of the set at the right hand part of this formula is
less than 6§ .
Let A' = {A' ¢ Ak’ A" N B # @} . Obviously the inclusion

A' € A" dimplies that A' ¢ B'. Consequently,
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I v(aA') = Cv(BY
A €AT

where v 1s a Riemannian volume on M and C is the maximal multi-

plicity of the cover Ak' Thus
' - v(B")
NAk(B) = Al o= min v(AT) ~
A' €A

Compactness of M and our choice of the number e guarantee

&

T
that the ratio %%%W% for every two elements A', A" ¢ Ak bounded
from positive constant. In particular v(A') > Clv(A) so that
C v(B")
N, (B = = - . (%)
Ak N v (A)
Now we shall estimate the volume v(B'). Let o¢:T_ M > T.n_ M
Xy T Xp
be an isometry. Then v = pT” coTh T oMo T M 1s a linear oper-
% x
A A
ator in TX M. It can be represented in the form V = U+ S where U

A
is an isometric operator and S 1is a positively definite symmetric

operator with eigenvalues Kl,...,km, where Xl > XQ "'kl > 1 =
z X1{L2 ceeZ A Condition (3) shows that there exist constants
C2, C3 such that
10 m o2
' v - £+
v(B') = C,v((exp,n, ) "B') = C,(38,) f‘_‘{ (F+2p) (5)
A i=1
where v is a volume in a tangent space. On the other hand
v(A) = C v((exp ) ta) = c.8" (6)
4 Xp 57k

Combining inequalities (4), (5), (6) we get an estimation for
N, (B):
Ak
m

m
<< 2 <<
Ny (B) = Cg |'_—] (3+x) = C, [T[ L
k i=1 1=1

1
The value [ ] A; is equal to |J(DTnXIL)| where L is a
izl
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subspace of Tnx generated by the eigenvectors of S with eigen-
values Xl,...,xl . Thus we obtain the estimation

h(A_/T"A ) <= 1log max max |J(DT"|.)| + log C. .
Kook *€M LT M xle !

Lemma is proved.

Now we can finish the proof of the theorem. Let us fix a posi-
tive integer n and ¢ > 0 and choose k according to the lemma.

Moreover, k can be chosen so large that
nh(T) = h(T") < n(T",A) + & .

Proposition 4.1 implies that

n -n -n n
h(T ,Ak) = h(T ’Ak) < h(T Ak/Ak) = h(Ak/T Ak), so that
nh(T) < h(Ak/TnAk) + ¢. By the lemma we have h(Ak/TnAk) < a(T™) +Ct.
1
But a(Th) < na(T), that h(T) = af(T) + Clte Since n can be
chosen arbitrary large, h(T) = a(T}. The theorem is proved.

4. Let us denote by Qk(M) the space of all continuous real-

valued differential antisymmetric k-forms on M with the norm

lol| = max max |w(vl...vk)|
x €M vl,...,vkETXM
det(vl,...,vk)=l
. ; . - # k k

The diffeomorphism T induces a linear operator T, : % (M) - @ (M.

. m ¥ m # #
Let us denote the direct sum & @ (M) by (M) and ® Tk by T".

0 0

The proof of the following proposition is routine.

- a(th #
PROPOSITION 5. lim = log s(T")

-0 n

where S(T#) is a spectral radius of the operator T#. The next fact

follows immediately from our Theorem and proposition 5.

COROLLARY.  n(T) < log s(T").
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Remark. K. Krzyzewski has generalized our result from diffeo-
morphisms to arbitrary Cl mappings of smooth manifolds. His proof
used the definition of the topological entropy through e-separated

sets (see [4]).
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