
LINEAR EXTENSIONS OF DYNAMIC SYSTEMS 

AND THE REDUCIBILITY PROBLEM 

S.  B~ K a t o k  UDC 517.9 

The re la t ion  of l inear  extensions of smooth dynamic s y s t e m s  to cohomologies  and to reducib i l -  
ity in the case  of flow is invest igated.  A resu l t  is obtained concerning F-cohomolog ies  in the 
neighborhood of a constant  cocycle for the case  of an a r b i t r a r y  closed subgroup F of the group 
GL (k, C). 

Let X and Y be r ea l - ana ly t i c  manifolds .  We denote by ~I(X, Y) the se t  of all  r ea l - ana ly t i c  mappings 
of X into Y. A group {Tg, g E G, where  G is a Lie group} of d i f feomorphisms  of the manifold X is said to 
be a rea l -ana ly t ic  dynamic s y s t e m  with t ime G, and is denoted by (X, Tg) if 

A (x, g) ~ ~ (X X G, X),whereA (x, g) = T ,x ,  

For the sake of b rev i ty  we will use  the t e r m  dynamic s y s t e m  for a r ea l -ana ly t i c  dynamic sy s t em.  

Let F be a c losed subgroup of GL(k, C). We call the dynamic s y s t e m  (X x C k, ~g) a k -d imens iona l  
complex l inear  extension of the dynamic s y s t e m  (X, Tg) with the group F ,  if, for al l  g E G, x E X, y E C k, 
we have 

~'g (x, y) = (Tgz, h (x, g) y), 
(1.1) 

w h e r e h ( x , g )  E~I (X •  F).  Since T g t i s a g r ~  

h(Tg ,  x,  g2)h(z, g,)  .= h ( x ,  gxg~), h ( z ,  e) = E.  (1.2) 

Clear ly  any function h(x, g) E ~I(X x G, F) ,  sa t is fying (1.2) de te rmines ,  through (1.1), a l inear  extension of 
t h e  dynamic s y s t e m  (X, Tg). Two l inear  extensions (X x C k, ~ )  and (X x C k, ~ )  a r e  called i somorphic  

if  there  exis ts  a mapping S: X • C k, de termined by the re la t ion 

s (x, y) = (x, ~(x)y), ~(z) ~ ~ (x ,  r)  

and such that $37 (i) = ~(2) S If  the l inear  extensions ~(1) and ~t2) a re  de te rmined  by the functions hi(x, g) g " 

and h2(x, g), r e spec t ive ly ,  then g g 

]~2 (x, g) -~ q~ (Tgx) �9 h 1 (x, g) . r (x). (1.3) 

By analogy with the known const ruct ion of homologies  of groups ,  we s o m e t i m e s  cons ider  {see [1]) 
var ious  cohomologies (measurab le ,  smooth,  analytic) of a dynamic s y s t e m  (X, Tg). For  example  in the 
definition of analytic cohomologies ,  the function h(x, g) E ~I(X x G, F) is cal led a cocycle  if  it sa t i s f i es  (1.2), 
and two cocycles  a r e  cal led F -cohomolog ies  if they a r e  re la ted  by (1.3). We use  these  t e r m s  since it is 
i m m a t e r i a l  whether  we speak of cohomological  cocycles  or  of i somorphic  l inear  extensions .  

In this work,  we a r e  in te res ted  in the two v e r y  s imple  ("c lass ica l")  ca ses  G = Z and G = R. 

If  G = Z then (1.2) implies  that the coeycle  h(x, n) is uniquely genera ted  with r e spec t  to the function 
h(x, 1) = g(x), where  (1.3) is equivalent to 

g2 (x) ~-  r (Tx)  �9 gl (x) . ~-x (x). (1.4) 
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in  which  gi(x) = h i (x ,  1) and  g2(x) =h2(x ,  1). In  the  s eque l  we u s e  the t e r m  c o c y c l e  fo r  the funct ions  g(x) E 
qI(X, F)  t h e m s e l v e s  (no cond i t i ons  have  y e t  b e e n  i m p o s e d  on them) and d e m o n s t r a t e  t h e i r  c o h o m o l o g y  in the  

s e n s e  (1.4).  

Le t  G = R.  A flow {St} on a r e a l - a n a l y t i c  m a n i f o l d  X can  be  s p e c i f i e d  in  each  loca l  s y s t e m  of  c o -  
o r d i n a t e s  by  a s y s t e m  of  d i f f e r e n t i a l  equa t i ons  

----- (0 (x). 

C o n s i d e r  the  f low {St} in  X • C k,  de f ined  by  the d i f f e r e n t i a l - e q u a t i o n  s y s t e m  

= A (x) g, / (1.5) 
~ (x) ,  J 

w h e r e  A(x) E ~ (X ,  A F);  h e r e  A F  d e n o t e s  the  L i e  a l g e b r a  of  the  g roup  F .  The fo l lowing  p r o p o s i t i o n  is 
e a s i l y  p r o v e d .  

PROPOSITION 1.1. The  flow {St} is  a l i n e a r  e x t e n s i o n  of the  flow {St} and,  c o n v e r s e l y ,  any  l i n e a r  
e x t e n s i o n  of the f low {St} is  d e t e r m i n e d  by  a s y s t e m  of  the  f o r m  (1.5). 

The  r o l e  of the func t ion  h(x ,  t) w i l l  b e  p l a y e d  by Yx(t) ,  which  is  the so lu t i on  of  the  m a t r i x  s y s t e m  c o r -  
r e s p o n d i n g  to (1.5) wi th  i n i t i a l  cond i t ions  

Y(0)  ----- E ,  x (0) = x.  

We s a y  tha t  two s y s t e m s  of  d i f f e r e n t i a l  equa t ions  

== A (x) y, and (II) = B (x) z, 
( I )  ~0 (x) = (o (x) 

a r e  m u t u a l l y  r e d u c i b l e ,  i f  t h e r e  is  a funct ion  C(x) E~i(X, F)  such  tha t  the  change  of v a r i a b l e s  z = C(x) y 
t r a n s f o r m s  the s y s t e m  (II) into the  s y s t e m  (I). 

PROPOSITION 1.2. L i n e a r  e x t e n s i o n s  a r e  i s o m o r p h i c  i f  and only if  the  c o r r e s p o n d i n g  d i f f e r e n t i a l -  
equa t ion  s y s t e m s  a r e  r e d u c i b l e .  

We note  tha t  in th is  c a s e  the  e o c y c l e  h(x,  t) i s  u n i q u e l y  g e n e r a t e d  wi th  r e s p e c t  to the  func t ion  A(x) 
f r o m  (1.5),  w h e r e  r e l a t i o n  (1.3) is  e q u i v a l e n t  to 

A ( x )  ~ -  C -1 (z) �9 B ( x )  �9 C(z )  - -  C-X(z)C(x) ,  (1.6) 

whereC(x)  E ~I(X, F ) ,  and C(x) is  i ts  d e r i v a t i v e  in  the d i r e c t i o n  of the  v e c t o r  a~(x). [Here A(x) and B(x) a r e  
the  r i g h t  s i d e s  of (I) and  (II) r e s p e c t i v e l y . ]  

2. T H E O R E M  2.1.  Le t  the d y n a m i c  s y s t e m  (X, Tn) wi th  t i m e  Z have  no a n a l y t i c  c h a r a c t e r i s t i c  func-  
t i o n s .  Then  the c o h o m o l o g y  o f  c o n s t a n t  c o c y c l e s  A and M, r e d u c i b l e  to d i agona l  f o r m ,  is e q u i v a l e n t  to the  
s i m i l a r i t y  of the  m a t r i c e s  of  A and  M. 

P r o o f .  We  w r i t e  d i ag (a ,  b ,  . . .), for  a d i agona l  m a t r i x  wi th  d i agona l  e l e m e n t s  a ,  b . . . . .  A is s i m i l a r  
to d i ag (~ l ,  )L 2 . . . .  ) ,  and M is  s i m i l a r  to d i ag (p l ,  /12 . . . .  ).  P l a i n l y ,  wi th  no l o s s  of  g e n e r a l i t y ,  we m a y  a s -  
s u m e  tha t  A and M a r e  t h e m s e l v e s  d i a g o n a l .  We a s s u m e  tha t  t h e r e  is  ~(x) E ~I(X, F)  such  tha t  q~(Tx)A ~ -1.  
(x) = M. Le t  q~(x) = [ l~ i j (x) ] ! .  The  cond i t i on  i m p l i e s  tha t  t h e r e  a r e  i and j such  tha t  ~i j (x)  i s  not  c o n s t a n t .  
Then  goiJ(TxXj = pigoij(x), and  goiJ(Tx) = (#i/~tj)goij(x),  i . e . ,  g0ij(x) is  a c h a r a c t e r i s t i c  func t ion ,  which  c o n -  
t r a d i c t s  the  c o n d i t i o n .  Th i s  p r o v e s  the  t h e o r e m .  

We note that ,  f o r  F = GL(k,  C), the  a b s e n c e  of any a n a l y t i c  c h a r a c t e r i s t i c  func t ions  i s  a l s o  n e c e s s a r y :  
If  t h e r e  i s  a c h a r a c t e r i s t i c  func t ion  r (x) wi th  c h a r a c t e r i s t i c  va lue  e id,  t hen  t h e r e  a r e  c o h o m o l o g i c a l  con-  
s t an t  e o e y c l e s  wh ich  a r e  not ad jo in t  a s  m a t r i c e s ;  fo r  e x a m p l e ,  

A =: diag(~l ,  k2 . . . . .  ~k) and M = diag ()he~% ~ . . . . .  ~k) 

a r e  c o h o m o l o g i c a h  (~ ( T x )  Acp -~ (x) ~ M, where 

T (x) = d i a g  (~p (x) ,  1 . . . . .  t ) .  

3. L e t  T m be  an  m - d i m e n s i o n a l  t o r u s  
T TM ~-- ( x  ~ -  (x  1 . . . . .  x ~ ) ,  x i  ~ R / 2 n Z ,  i ~-~ 1 . . . . .  m } ,  
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let  G = Z with the group t r a n s l a t i o n s  of the t o r u s  

T x =  TC~)x=x-~a (mod2~), ~ T  ~, 

as g e n e r a t i n g  d i f f e o m o r p h i s m ,  and let  F be a c losed  subgroup of GL(d, C). We p r opose  to s tudy in  ~I (T m,  F)~ 
the ne ighborhood  of a cons t an t  cocycle  r educ ib l e  to d iagonal  fo rm.  

All  funct ions  ( s c a l a r - ,  v e c t o r - ,  o r  m a t r i x - v a l u e d )  which we c o n s i d e r  a r e  ana ly t i c  on the t o r u s .  This  
m e a n s  that  e v e r y  such  func t ion ,  c o n s i d e r e d  as  a pe r iod ic  funct ion on R m,  can,  for  s o m e  r > 0, be  cont inued  
a n a l y t i c a l l y  into the r e g i o n l I m  zi l  -< r ,  i = 1 . . . . .  m.  We use  the no ta t ion  l ~ l l r  = max I](z)] (the c o n c r e t e  

IImzil~-.r 

choice of n o r m s  for  v e c t o r s  and m a t r i c e s  is i m m a t e r i a l ) .  In this  s e c t i on  we p rove  

THEOREM 3.1. Let A be s i m i l a r  to diag(~ l, ~'2 . . . .  , ~k), and,  for v ~ 0 (v = (v t . . . . .  Vm), v i E Z, 
i = 1 . . . . .  m) le t  

~(~) tv ~ 0, s (3.1.1) I~--~Je ~ C  h -~,C ~ 0 .  

For  any  r 0 > 0, the re  ex i s t s  ~0 > 0 such that ,  i f  I l f - A  II r 0 < %, for the c o e y c l e f ( x )  E qI(T m,  F ) ,  then  the re  
is  a m a t r i x  P E F ,  d i f f e r ing  only s l igh t ly  f r o m  E, for which the eoeyc le  f (x )  �9 P is F - c o h o m o l o g i c a l  to the 
cons t an t  cocyc le  A.  

The method of p roof  of T h e o r e m  3.1 can  be made  to apply to the c a s e  of cont inuous  t i me .  We have 

THEOREM 3.2. C o n s i d e r  the d i f f e r e n t i a l - e q u a t i o n  s y s t e m  

( I I I ){  0 =  Ag, 

where  the m a t r i x  A E A F  is  s i m i l a r  to diag(a l, . . . ,  ~k) and,  for v ~ 0, we have 

l a ~ - - a j - -  i(v, 0))I~%C[vI ~, C ~ 0 ,  s ) 0 .  (3.2.1) 

For  any  r 0 > 0 t he r e  ex i s t s  e 0 > 0 such that ,  i f  t] B(x) -Al l r0  < e 0 for B(x) E ~I(Tm, F ) ,  then the re  is a con -  
s t an t  m a t r i x  Q E A F ,  for which the s y s t e m  

is r educ ib l e  to the s y s t e m  (III) by a t r a n s f o r m a t i o n  C(x) E ~I(T m,  F ) .  

The p r o b l e m  of the r e d u c i b i l i t y  of s y s t e m s  of l i n e a r  d i f f e r en t i a l  equa t ions  with pe r iod i c  coef f ic ien ts  
has been  s tud ied  by m a n y  au thors  (see A. E. G e l ' m a n  [3, 4], L. Ya. A dr i a nova  [5], I. N. Bl inov [6], and O. 
]3. Lykova [7]). Yu. A. M i t r o p o l ' s k i i  and A. M. Samoi lenko  [8] used  Newton 's  method (the method of a c -  
c e l e r a t e d  convergence)  in  t he i r  i n v e s t i g a t i o n  of the r educ ib i l i t y  of s y s t e m s  with r i g h t - h a n d  s ides  d i f f e r ing  
only s l igh t ly  f r o m  a cons tan t .  The ac tua l  r e s u l t s  ob ta ined  r e f e r  to that  f o r m u l a t i o n  of the p r o b l e m  c o r r e s -  
ponding,  in  our  no ta t ion ,  to the case  F = GL(k,  C), which,  to the a u t h o r ' s  knowledge,  was  f i r s t  c o n s i d e r e d  
by V. Io A r n o l ' d  ([9], p. 181), al though some  of the r e s u l t s  appea red  be fo re  [9]. The au thors  u s u a l l y  fori~a- 
a l ly  c o n s i d e r  r e d u c i b i l i t y  in  the c l a s s i c a l  s ense  ([2], p. 251). In this case  it  is  a ques t i on  of the mutua l  
r e d u c i b i l i t y  of one s y s t e m  y = A(t)y, t ER, to ano ther  ~ = E(t)z,  so that  in  (I) and (II) we have f ami l i e s  of 
s y s t e m s  

(I~) y = A(S~x)y, (Ii~) ~ = B(Stx)z, 

depending  on x E X, and our de f in i t ion  r e q u i r e s  not only the r educ ib i l i t y  of each of the s y s t e m s  (Ix) to (IIx), 
but  a lso  imposes  l i m i t a t i o n s  on the dependence  of the coeff ic ients  of the r educ ing  t r a n s f o r m a t i o n  with r e -  
spec t  to x. Reduc ib i l i ty  in  the sense  u n d e r  c o n s i d e r a t i o n  is c l e a r l y  s t r o n g e r  than c l a s s i c a l  r e d u c i b i l i t y  of 
a s y s t e m  of the c o r r e s p o n d i n g  f ami ly  (and i r r e d u c i b i l i t y  is weaker ) .  

Yu. Mozer  [11] cons ide red  the group a s p e c t  of the p r o b l e m .  He s tud ied  a m o r e  g e n e r a l  p r o b l e m  with 
n o n l i n e a r  t e r m s .  Our T h e o r e m  3.2 for the case  F =GL(k,  C) is a consequence  of h is  T h e o r e m  1 and a l so  

a consequence  of T h e o r e m  2 of [8]. 

P roo f  of T h e o r e m  3.1.  Our p roo f  u s e s  Newton 's  method in  the fo rm employed  by Yu. Mozer  in [10]. 

We in t roduce  the o p e r a t o r  
~: 2 (T ~, F) • 2 (T ~, F) --> 2 (T 'n, I') 
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by  means  of the r e l a t ion*  

(~(g x), q~(x)) = r162 �9 g(x)  �9 o?-~(x). 

We m u s t  find (P(x) E~I(T m,  F) and P E F ,  such that  

i~ q(x) �9 p,  ~(z)) = A. 

We seek  q~(x) in the f o r m  of  a l imi t  ~(x) = lira %@) , a n d f ( x )  " P in the f o r m  of a l im i t f {x )  �9 P = 
n---~co 

lim ]o0(x ) w h e r e  ) (n) (x), 6 ql (T m ,  I : )  a n d ]  (n+l) = f (n )  , Kn ' with Kn a Constant cocyc l e .  
n ~ o o  

Suppose that  q~l(y0 . . . . .  ~n(y0 have a l r e a d y  been  found [we a s s u m e  that  ~Pl(x) = El .  We exp re s s  
~On+i(x) in the f o r m  Vn(X) ~n(X). Then  ~ (f,~+l (x), v,~(x) (p~ (x)) ~ ~ (~(](~'~), (p,,), v~) ~ ~ (/~+~, v,0 where  

D+I = ~ (1(~+', %)- 
Dete rmine  Vn(X) f r o m  the equat ion 

~(~, L)(~ (~.,~, v,,)) = A, (3.1) 

w h e r e  the o p e r a t o r  s denotes  the se l ec t ion  of the l inear  t e r m s  in the fo rma l  expans ion  of  ~ in a T a y -  
lo r  s e r i e s  (a l inear iza t ion)  at the point  (A, E), i .e . ,  

w h e r e  ~r and A-tJ~n+l(x) a r e  in ~I(T m, A F ) ,  and exp v n = Vn, A(exp A-197n+ I) = ] n + l .  Since 

1 ^ ~ (A, E) ],,+~ -= lira -7" (~ (A + tsz.+~, E) - -  ~ (A, E)) = ],m, 
t ~ 0  

we have 

and Eq. (3.1) b e c o m e s  

e(A,.) (~ ([.+1, v,,)) = A + ?,.+~ + ~ (A, E) b., ~ (A, ~)7,. 
�9 1 = h m - -  (g(A,(E -~- t~.) (x)) --  ~ (A, E)) = v.  ( r x )  A - -  A~v. (x ) ,  

t - - ~  t 

]n+l (x) + V,,, (Tz) A --  Ab,~ (x) = O. (3.2) 

For  the p r o o f  we d e m o n s t r a t e  the induct ion l e m m a s  I n  and 2 n, a s s u m i n g  that  these  l e m m a s  have a l -  
r eady  been  p r o v e d  for  k < n with % suf f ic ien t ly  sma l l .  To s ta te  the l e m m a s  we in t roduce  the following no-  
tat ion.  

Le t  /~ -~ ~ (](~), ~ )  -~ ~ (f~, v~_~); and ~ n  = f n - A .  Define r n by the r e l a t i o n t  rn+  ~ = r n - ~ n ,  whe re  
c~ n = detn/~(m+s), and e n = l~ntl r n  (the value of  the cons tan t  d wil l  be d e t e r m i n e d  in the p r o c e s s  of  the 
p r o o 0 .  

LEMMA ln .  The  cons tan t  coeyc le  Kn ~ F can  be chosen  so that  

I ~  L+~ (z) d~ = 0 (3.3) 

and [ K r t - E [  -< / l~n .  

LEMMA 2 n. If97n+l sa t i s f i e s  (3.3), then E,q. (3.2) has a solut ion vn (x) ~ ~ (T m, A F) ana ly t ic  in the 
reg ion  tlIm zitl < r n + l ,  w h e r e  II~n (x)llrn+1 ~< e3/4 and l[~n+ 1 (x)[I r n + l  12e~n/2. 

P r o o f  of the T h e o r e m  and the L e m m a s .  L e m m a  in  impl ies  that  Kn, and s o j  (n+l) =f (n)Kn,  can be 
c o n s t r u c t e d  and r e l a t ion  (3.3) will  hold.  L e m m a  2n is then used  to find v'n(x), and this means  that Vn(X) and 
gOn+ l = Vn(X) ~n(X) have been  d e t e r m i n e d .  Repeat ing the s a m e  p r o c e s s  with n r ep laced  by n + 1, e tc . ,  we 
obtain  infinite sequences  {q~n(X)} and {Kn}. The sequence  {~n(X)) c o n v e r g e s  in l ira z i l  < rr where  

*Clear ly  the mapping  ff can be extended,  by the s a m e  fo rmu la ,  to the mapping  

~$iT m, CL :.k,C)) X 2[(T m,GL (k,C)) ~ |  iT '~', GL (k,C)),  

which we use  below in the ca lcu la t ion  of  ~i and ~ 
~Constants  denoted by s m a l l  la t in l e t t e r s  d,  l ,  and c with va r i ous  indices  depend only on A, C, s ,  and m. 
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roo ---~ lira r n (i~ ~0 is suI t ic ien t iy  sma l l  we nave r~o > u). In iac~; tel; m ) n. Tnen 

~ ^ X m m ~<c' ]]]]~= expv~( )][~[l~j=~+,expv~(x)--  E [ [ ~  < c ' l ] . ~  (i § e;") [[I,=,,+, (l + e}")--l] .  

Since,  for  suf f ic ient ly  s m a l l  e0, the p roduc t  

I I  ~ (1 + 8~.j 

is convergen t ,  we have 

c O  

I t  is p roved  s i m i l a r l y  tha t  f (n) (x) c o n v e r g e s  t o j  (x) �9 P in the reg ion  l ira zi l  - r ~ ,  where  1 ~ = 11n=lK n. 
F u r t h e r ,  s ince  []~n(X)Ilrn --* 0 and the o p e r a t o r  ~ is cont inuous,  we have ~ ([ (x) �9 P,  ~(x)) = A ,  and this 
p roves  the t h e o r e m .  

P r o o f  of  L e m m a  I n. c o n s i d e r  the mapping  ~(n):  A F  ~ A A F  and,  fo r  P E A p ,  let  

~P(") (P) = IT~ A In (A -1 ~ (/(n) (x). exp P, Tn (x)) dx. 

For  1/2 < ]exp l~l < 2 and suff ic ient ly  smaU ~0, we p rove  that  

I~p(n) (p) __ A �9 P] < cle~/'. (3.4) 

For  a f ixed point  x ~ T m we have 
[ A In (A -~ ~ (1(~) (x). exp P,  (~  (x)) - -  A.  P ] 

~ c ,  ]A[. ]in (A -* ~ (1(') (x) exp P, % (x)) - -  P [ 
-~ c, ] h ]. I A-" ~ (/(") (x). exp P,  T,  (x)) - -  exp P ]. ~ (x)-~, 

where  fl(x) - m i n  ([exp P l ,  ~ - 1  g (]0) exp P, q~n(X))I). This  inequal i ty  is obtained by applying the m e a n -  
va lue  t h e o r e m  to the m a t r i x : v a l u e d  funct ion In Z. 

Repeated use  of  the t r i ang le  inequal i ty  y ie lds  

[ s (Tx)](,o (x) exp P �9 ~l(x) --  exp P[ ~ c 3 [A- ' [  

X ] expPl (] (~ (Tx)l" [f~) (x) I �9 I ~ '  (z) - -  E[ -}-[ (Pn (rx) l 
• (x) --  A [ -t- [ ~  (Tz) --  E[ �9 [ A D ~ c,e~/, [ exp P[. 

The l a s t  inequal i ty  is a consequence  of L e m m a s  lk  and 2k for  k <n .  For  suf f ic ient ly  s m a l l  e 0 and lexp P] > 
1 /2 ,  we have ~(x) -1 - 4, and (3.4) is p roved .  But (3.4) impl ies  that  t he re  ex i s t s  Pn  sa t i s fy ing  the inequal i ty  
t Pnt -< es e0 ~/4 and such that  ~(n) (Pn) = 0. 

Since 

~(n) (Pn) -- ~(=) (0) -- (d$(o ")) (e=)$ < c61 P= 12 

and 

we have 
I (d~(:)) P .  I - -  c~ I P .  I ~ ~< c,~-. 

If  ~0 is suf f ic ien t ly  sma l l ,  the o p e r a t o r  ~b(n) toge the r  with its d i f fe rent ia l ,  d i f fe rs  only s l ight ly  f r o m  the 
ope ra t i on  of mul t ip l ica t ion  by h in the cse03/4-neighborhood of  the or ig in .  Hence ll~nl �9 ( c s - c 6 1 P n [ )  -< c 7 en 
for  such  e0. 

If  e0 is such that  c61 l~nl -< (1/2)c 8, then IPn[ -< (2cJc8)  en = CgWn, i .e . ,  for  Kn = exp Pn  r e l a t ion  (3.3) 
holds and IKn--EI  --< l i e  n.  

LEMMA A. Let  V be a f i n i t e -d imens iona l  v e c t o r  space  over  R,  let  M E GL(V) be r educed  ove r  C to 
the f o r m  diag(pl  , #2 . . . .  ), and for  v ~ 0 

726 



Let  the funct ion go (x) 

Then  the equat ion 

I g~e~(~)- l I >  bl~[ -" , b > O , S > O .  

E~I(T m,  V) be ana ly t ic  fo r  [ Im zil  <- r and let  

IT,n(p(x)dx = O. 

(A.1) 

(A .2) 

v (x) = 9 ( x )+Me  (TXx) (A.3) 

has  a so lu t ion  v(x) E ~I(T m,  V) ana ly t ic  for  J im zil - r ,  and 0 < ~ <  1 

II ~ Ib I lvl l , -=~<a ;a-;r , 

where  a depends  only on M, b,  s,  and m.  

P roo f .  We f i r s t  find and e s t i m a t e  the magni tude  of the solut ion w(x) of Eq. (A.3) taking a value in the 
complex  v e c t o r  hull  v C  of  the space  V. In some  bas i s  of the space  v C  we have M = diag(p l, #2 . . . .  ). In 
this b a s i s ,  the  coord ina t e s  wj(x) and goj(x) of the v e c t o r - v a l u e d  funct ions w(x) and go(x) sa t i s fy  a s y s t e m  of 
equat ions  

w~(x) = +j(x) + ~jwi(Tz), 

equiva len t  to (A.3). Hence the F o u r i e r  coef f ic ien ts  wj ,v  and goj,v of these  funct ions a r e  r e l a t ed  by the 

equa t ion  wj., = t - ~ g J  (~) for  v ~ 0, while wj,0 is a r b i t r a r y  [note that  (A~ impl ies  that  go j,0 = 0]; we se t  

wj,0 = 0. We now find a bound for  w. C a u c h y ' s  f o r m u l a  y ie lds  Ilgoj,v II -< e -  I v I r II goj II r (we use  the in tegra l  
t o r u s  Im  z i = - r  s ign  vi) .  The f o r m u l a  for  w j w  impl ies  tha t  

and so 

i ~ nor (k § t ) . . .  (k § s q- m - -  t)  e _ ~  

We have thus obta ined a bound for  IlWltr-~. To prove  the l e m m a  it  only r e m a i n s  to se t  v(x) = (1/2) 
w(x) + (1/2) w(~). 

P r o o f  of L e m m a  2 n. The fac t  that  Eq. (3.2) has  a solut ion ~n (x) E ~I (T m,  A F) ,  ana ly t ic  in the reg ion  
J im zil  -< rn+  1, follows d i r e c t l y  f r o m  L e m m a  A. In fact  let  V = A  F ,  M = A d  A J A F :  v ~A- lvA,  g0(x) = 
A- l fn+ l (X)~  This conve r t s  Eq. (3.2) into Eq. (A.3). 

Since the ma t r i x  A is s i m i l a r  to a d iagonal  ma t r i x ,  M is r educed  ove r  C to diagonal  fo rm.  The c h a r -  
a c t e r i s t i c  va lues  of  M f o r m  a subse t  of  the s e t  ( . . . .  Xi/Xj . . . . . . . . .  -Xi/~j . . . .  ) which,  if it contains  Xi/X j, 
a l so  conta ins  the conjuga4e n u m b e r .  Condi t ion (A.1) holds because  (3.1.1) is sa t i s f ied  not only for  any pa i r  
X i, Xj, but a lso  for  the p a i r  of complex  conjugate  number s ;  condi t ion (A.2) follows f r o m  (3.3). 

We now e s t i m a t e  Itfn+llt  rn:  

],~+l == A In  ( A - i ] n + l )  == A 1,1 (1~-I ( /n  q-  ~a))  = A ill  ( E  @ A - I  ((I) n q-  8~1)) , 

where  ~n = f n + l - f n  = ~ ( f ( n )  ( K n - E ) ,  gOn). 

Applying (3.5) and L e m m a  A, we obtain 

L e m m a  I n impl ies  II ~nJJrn <- cl0~n and ]l@nlJrn = gn. Hence 

[I }~+~ II,.,~ <~ c ~ .  (3.5) 

II/'.+~ []~ % (3.6) 
C12 - -  
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If a m+s  >- "t2~-'~t/'~n ' i.e., ~r n -> c ~ ( m + s ) - t e ~  ' (m+s) , then (3.6) implies that II~nllrn-cr n -< ~V'"  Setting 

d = c~2 (m+s)- I  in the definition of an ,  we obtain an est imate of ll~nllrn+l. It remains  to est imate ll~n+lllrn+l: 

but 

It follows that we must  es t imate* 

I[ ~ (1~+, (x), v.(x))-- ~(~,~.)(F (].+l(x). v~,(x)) ~r~+l. (3.7) 

Since ( in+ l ,  Vn) belongs, for all n, to a fixed neighborhood (A, E) in ~I(T m, F) x ~l(Tm, F) ,  in which the 
operator  ~ is infinitely differentiable, the expression (3.7) does not exceed 

have used Lemma 1 n, the bound for Ilffnllrn+ 1, obtained above, and the bounded- In the last  inequalities w e  

ness of the operator  ~. 

In conclusion the author wishes to express  his grati tude to D. V. Anosov for his comments  on this 
work, which led to a relaxation of the limitations imposed on the group F in the original var iant  of Theo- 
r em 3.1. 
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